Simplicial and modular aspects of string dualities by Gili, Valeria L.
ar
X
iv
:h
ep
-th
/0
60
50
53
v1
  4
 M
ay
 2
00
6
University of Pavia
Department of Theoretial and Nulear Physis
Simpliial and modular
aspets of string dualities
Advisor:
Prof. Mauro Carfora
Dotoral thesis of:
Valeria L. Gili
Dottorato di Riera XVIII Cilo
2
Contents
Introdution 7
I Simpliial aspets of string dualities 19
1 Dual uniformizations of triangulated surfaes 21
1.1 Random Regge triangulated surfaes as singular Eulidean strutures 21
1.2 Ribbon graphs on Regge polytopes . . . . . . . . . . . . . . . . . 28
1.3 Dual uniformizations of a random Regge triangulated surfae . . 31
2 BCFT on the annuli: Langlands' boundary states 41
2.1 Bulk and Boundary Conformal Field Theory . . . . . . . . . . . 43
2.1.1 Glueing onditions and boundary elds . . . . . . . . . . 46
2.2 The quantum amplitude on the annulus . . . . . . . . . . . . . . 50
2.3 Generalized Langlands boundary states . . . . . . . . . . . . . . 57
3 Boundary Insertion Operators 61
3.1 Boundary Insertion Operators . . . . . . . . . . . . . . . . . . . . 61
3.2 Investigations at the T-duality self dual radius . . . . . . . . . . 67
3.3 The algebra of rotated Boundary Insertion Operators . . . . . . . 76
3.4 The ation of BIOs at the self-dual radius . . . . . . . . . . . . . 79
3.5 Open string amplitude on a RRT . . . . . . . . . . . . . . . . . . 81
4 Inlusion of Open String gauge degrees of freedom 83
4.1 Chan-Paton fators on a RRT . . . . . . . . . . . . . . . . . . . . 84
4.2 From triangulations to strings . . . . . . . . . . . . . . . . . . . . 87
4.3 Extending the gluing proedure . . . . . . . . . . . . . . . . . . . 91
4.3.1 Chiral urrents and boundary states . . . . . . . . . . . . 94
4.3.2 Gluing along the Ribbon Graph: a proposal . . . . . . . . 95
4.4 Conlusions and perspetives . . . . . . . . . . . . . . . . . . . . 96
3
4 CONTENTS
II Cosmologial bakgrounds in String Theory 99
5 Geodesis on maximally non ompat osets U/H 101
5.1 Deoupling the sigma model from gravity . . . . . . . . . . . . . 102
5.2 Geodesi equations in target spae and the Nomizu operator . . . 104
6 The A2 toy model as a paradigma 111
6.1 Struture of the A2 system . . . . . . . . . . . . . . . . . . . . . 112
6.2 Salar elds of the A2 model . . . . . . . . . . . . . . . . . . . . 116
6.3 Generation of new solutions via the ompensator method . . . . 117
6.3.1 Solution of the dierential equations for the tangent vetors with two Cartan and one nilpotent eld120
6.3.2 Solution of the dierential equations for the tangent vetors with two Cartan and three nilpotent elds121
7 The E8 Lie algebra 123
8 Oxidation of the A2 solutions 131
8.1 Possible embeddings of the A2 algebra . . . . . . . . . . . . . . . 131
8.2 Choie of one embedding example . . . . . . . . . . . . . . . . . 133
8.2.1 Oxidation of the solution with only one root swithed on 136
8.2.2 Oxidation of the solution with all three roots swithed on 138
8.2.3 How the supergravity eld equations are satised and their osmologial interpretation142
8.2.4 Properties of the solution with just one root swithed on . 144
8.2.5 Properties of the solution with all roots swithed on . . . 148
8.2.6 Summarizing the above disussion and the osmologial billiard152
8.3 Conlusions and perspetives . . . . . . . . . . . . . . . . . . . . 154
III Appendies 159
A Projetion of generalized Langland's boundary states 161
B Conformal properties of Boundary Insertion Operators 165
C An introdution to truly marginal deformations of boundary onformal eld theories169
C.1 Deformations of a boundary onformal eld theory . . . . . . . . 171
C.1.1 The general presription . . . . . . . . . . . . . . . . . . . 172
C.1.2 Truly marginal operators: the ase of hiral elds . . . . . 174
D Useful formulae 177
D.1 Simpliial String Duality . . . . . . . . . . . . . . . . . . . . . . . 177
D.2 Cosmologial solution of supergravity . . . . . . . . . . . . . . . . 178
E Listing of the E8 positive roots 181
E.1 Listing aording to height . . . . . . . . . . . . . . . . . . . . . 181
E.2 Listing the roots aording to the dimensional ltration . . . . . 184
CONTENTS 5
Referenes 190
6 CONTENTS
Introdution
My Ph.D. work has been dediated to the study of dierent aspets of modern
unifying theories.
Part of the time has been devoted to searh for osmologial bakgrounds
in superstring theories, thus ontinuing the researh line started in my Laurea
thesis.
This work, whih has been done in ollaboration with Prof. Pietro Fré's
group, ts into a wide set of researh lines merging string theory, whih try
to express all fundamental onstituents of the universe and their interation
into a unique framework, with the undertaken of osmologial models, whose
aim is to desribe the origin, the evolution and the struture of the Universe
as a whole. The great number of suess of both models has been suggesting
sine middle of 90's a possible uniation of their investigation areas. In view
of the new observational data whih seems to provide evidene for a small but
positive osmologial onstant [1, 2, 3, 4℄, there has been wide interest in the
ontext of Mtheory/string theory and extended supergravities for the searh of
de Sitter like vaua (see for instane [5, 6, 7, 8, 9℄ and referenes therein). More
generally, the analysis of timedependent bakgrounds [10, 11, 12, 13, 14, 15, 16,
17, 18, 19, 20, 21, 22, 23, 24, 25, 26℄ has been done in various approahes and at
dierent levels, namely both from the mirosopi viewpoint, onsidering time
dependent boundary states and boundary CFTs (see for instane [27, 28℄ and
referenes therein) and from the marosopi viewpoint studying osmologial
solutions in both gauged and ungauged supergravities.
Suessively, in ollaboration with Prof. Mauro Carfora's group, I started
investigating modular and simpliial properties of string dualities. Both ol-
laborations have been haraterized by a deep analysis of dynami symmetries
assoiated with Lie algebras of both nite and ane kind.
The rst hint of role Ka£-Moody algebras plays in desribing dynamial
symmetries of gravitational models goes bak to early '70, when Geroh showed
that the automorphism group of solutions of Einstein Gravity redued to D = 2
is innite dimensional and it has as underlying Lie algebra A1ˆ, the untwisted
ane Ka£-Moody extension of A1 [29, 30℄, this being the three dimensional Lie
algebra of SL(2,R). This disovery triggered a lot of interest in the analysis of
7
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these symmetries, but it was with the advent of string theory and supergravity
that the interest in innite symmetries reeived a boost. As a matter of fat, by
dimensionally reduingD = 10 orD = 11 supergravity to lower dimensions, new
dynamial symmetries arise. The so alled hidden symmetries at as isometries
of the metri on the salar manifold and as generalized eletri/magneti duality
rotations on the various p-forms. Formalization of these onepts goes bak to
the work of Cremmer and Julia, who laried that E11−D(11−D) is the duality
symmetry group of maximal supergravity in D ≥ 3 dimensions, obtained by a
Kaluza-Klein ompatiation of M -theory on a T 11−D torus. In partiular,
they showed that the massless salars whih emerge from the Kaluza-Klein
mehanism inD dimensions, just parametrize the maximally nonompat oset
manifold
Mscalar =
E11−D(11−D)
H11−D
where H(11−D) is the maximally ompat subgroup of the simple Lie group
E11−D(11−D) [31, 32℄.
Julia noted that the extension of this proess toD < 3 alls into play algebras
whih are no longer nite dimensional, but rather they are innite dimensional
Ka£-Moody ones[33℄. As a matter of fat, E9(9) is the ane extension of E8(8),
while E10(10) is its double hyperboli extension. This last ase is partiularly
intriguing. Sine ompatiation and trunation to the massless modes is an
alternative way of saying that we just fous on eld ongurations that depend
only the remaining D oordinates, the ompatiation on a T 10 torus
leads to non trivial dependene of supergravity elds just on one oordinate,
namely time, thus linking the arising of osmologial bakgrounds to the E10
algebra.
In this onnetion, a very muh appealing and intriguing senario has been
proposed in a series of papers by Damour et al. [34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44℄: that of osmologial billiards. Studying the asymptoti behavior of ten
(eleven) dimensional supergravity eld equations near time (spaelike) singu-
larities, these authors envisaged the possibility that the nine (ten) osmologial
sale fators relative to the dierent spae dimensions of string theory plus the
dilaton ould be assimilated to the Lagrangian oordinates of a titious ball
moving in a ten(resp. eleven)dimensional spae.
In their approah, Damour and ollaborators analyzed the osmi billiard
phenomenon as an asymptoti regime in the neighborhood of spae-like sin-
gularities. The billiard walls were seen as the various p-forms of supergravity
ating as exponential potential walls whih beome sharper and sharper in the
evolution toward the singularity, ending in innite potential walls in the t→ 0+
limit. The main fous attention was entered on establishing whether and un-
der whih onditions there may be a haoti behavior in the evolutions of sale
fators of the universe. Eventually, the authors established that the billiard
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Figure 1: Timedependent homogeneous supergravity bakgrounds in D = 10
an be obtained by rst dimensionally reduing toD = 3, solving the dierential
equations of the sigma model and then oxiding bak the result to D = 10. This
proedure denes also the ation of the hidden symmetry group E8(8) on the
ten dimensional ongurations.
table to be hyperboli was a neessary ondition, where the billiard table was
identied with the Weyl hamber of the E(10) algebra.
There is a lear relation between this piture and the duality groups of super-
string theories. As a matter of fat, the Cartan generators of the Er(r) algebra
are dual to the radii of the T r−1 torus plus the dilaton. So it is no surpris-
ing that the evolution of the osmologial sale fator should indeed represent
some kind of motion in the dual of the Cartan subalgebra of E10. Although
naturally motivated, the E10 billiard piture was so far onsidered only in the
framework of an approximated asymptoti analysis and no exat solution with
suh a behavior was atually onstruted.
In our work, we investigated the problem from a dierent viewpoint. We
foused on threedimensional maximal supergravity [45℄[46℄, namely on the
dimensional redution of type II theories on a T7 torus, instead of going all the
way down to redution to onedimension. The advantage of this hoie is that
all the bosoni elds are already salar elds, desribed by a nonlinear sigma
model without, however, the need of onsidering Ka£Moody algebras whih
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arise as isometry algebras of salar manifolds in D < 3 spaetimes. In this way
we had been able to utilize the solvable Lie algebra approah to the desription
of the whole bosoni setor whih enabled us to give a ompletely algebrai
haraterization of the mirosopi origin of the various degrees of freedom [47,
48℄. Within this framework the supergravity eld equations for bosoni elds
restrited to only time dependene redue simply to the geodesi equations in
the target manifold E8(8)/SO(16). These latter an be further simplied to a set
of dierential equations whose struture is ompletely determined in Lie algebra
terms. This was done through the use of the so alled Nomizu operator. The
onept of Nomizu operator oinides with the onept of ovariant derivative
for solvable group manifolds. The possibility of writing ovariant derivatives in
this algebrai way as linear operators on solvable algebras relies on the theorem
that states that a nonompat oset manifold with a transitive solvable group
of isometries is isometrial to the solvable group itself.
The underlying idea for our approah was rooted in the onept of hidden
symmetries. Cosmologial bakgrounds of superstring theory, being eetively
onedimensional ll orbits under the ation of a very large symmetry group,
possibly E10, that neessarily ontains E8(8), as the manifest subgroup in three
dimensions. Neither E10 nor E8(8) are manifest in 10dimensions but beome
manifest in lower dimension. So an eient approah to nding spatially ho-
mogeneous solutions in ten dimensions onsists of the proess shematially
desribed in g.1. First one redues to D = 3, then solves the geodesi equa-
tions in the algebrai setup provided by the Nomizuoperatorformalism and
then oxides bak the result to a full edged D = 10 onguration. Eah possible
D = 3 solution is haraterized by a nonompat subalgebra
G ⊂ E8(8)
whih denes the smallest onsistent trunation of the full supergravity theory
within whih the onsidered solution an be desribed. The inverse proess of
oxidation is not unique but leads to as many physially dierent ten dimen-
sional solutions as there are algebraially inequivalent ways of embedding G
into E8(8). In [49℄ we illustrated this proedure by hoosing for G the smallest
non abelian rank two algebra, namely G = A2. The solvable Lie algebra formal-
ism allowed us to ontrol, through the hoie of the Gembedding, the physial
tendimensional interpretation of any given σmodel solution. Fousing on a
partiular embedding for the subalgebra A2, we got a type IIB time depen-
dent bakground generated by a system of two eulidean D-branes or S-branes
[10, 11, 12, 13, 14, 15, 16, 17, 18℄: a D3 and a D1, whose world volumes are
respetively four and two dimensional. This physial system ontains also an
essential non trivial Beld reeting the three positive root struture of the A2
Lie algebra, one root being assoiated with the RR 2form C [2], a seond with
the RR 4form C [4] and the last with the NS 2form B[2]. In the time evolution
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Figure 2: A ribbon graph with g = 1 and h = 9 and the assoiated Riemann
surfae, in wih holes are lled with regions having the topology of a disk
of this exat solution of type II B supergravity we retrieved a smooth realiza-
tion of the bouning phenomenon envisaged by the osmi billiards of [35℄[44℄.
Indeed, in the oxided piture, the sale fators orresponding to the dimensions
parallel to the Sbranes rst expand and then, after reahing a maximum, on-
trat. The reverse happens to the dimensions transverse to the Sbranes. They
display a minimum approximately at the same time when the parallel ones are
maximal. Transformed to the dual CSA spae this is the bouning of the os-
mi ball on a Weyl hamber wall. This is not the full osmi billiard, but it
illustrates the essential physial phenomena underlying its implementation.
In the meanwhile I started, in ollaboration with Prof. Mauro Carfora and
Dr. Claudio Dappiaggi, to investigate simpliial and modular aspets of string
dualities.
Sine 't Hooft seminal paper[50℄, the idea that a large N gauge theory has
a dual desription in term of a losed string theory has been drawing the at-
tention of large part of theoretial physiists ommunity. Aording to 't Hooft
presription, if we onsider a U(N) gauge theory whose ation is written as
1
g2YM
∫ L(A) (A is the gauge onnetion), the group theoretial part of Feyn-
man diagrams arises as a ribbon graph, whose edges aquire a gauge oloring in
the rst fundamental times rst anti-fundamental representation of the gauge
group. In this onnetion, amplitudes and Green funtions are obtained sum-
ming over all possible (planar and non-planar) diagrams, with the appropriate
ombinatorial fator. Ribbon graphs assoiated to vauum amplitudes an be
lassied aording to their dependene from N and gYM . As a matter of fat,
if we onsider a ribbon graph with h boundary omponents, it omes with the
fator (g2YM )
−V+ENh, where V and E are respetively the number of vertexes
and edges of the graph. Sine eah ribbon graph an be viewed as a losed
Riemann surfae with h holes, the dependene of the amplitude from N and
gYM an be aptured by the topology of the underlying surfae. If we onsider
an assoiated Riemann surfae of genus g, we an write:
(g2YM )
−V+ENh = (g2g−2YM ) (g
2
YMN)
h = (g2g−2YM )λ
h
(1)
where we have exploited the topologial relation V − E + h = 2 − 2g, and
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where we have introdued the 't Hooft oupling λ = g2YMN . Thus, the sum
over all ribbon graphs remarkably translates into a sum over all topologies. The
assoiated amplitude is then given by:
F =
∞∑
g=0
∞∑
h=1
(g2g−2YM )λ
h Fg,h = F =
∞∑
g=0
(g2g−2YM )Fg, (2)
where we have dened
Fg, =
∞∑
h=1
λh Fg,h (3)
and the oeients Fg,h being funtions of other parameters of the theory.
't Hooft's onjeture states that, sine at xed λ formula (3) an be seen both
as an gYM → 0 or as a N → ∞ expansion, in the large N (and xed λ) limit
an equivalent desription arises, involving losed Riemann surfaes whih are
obtained lling holes of the ribbon graphs with disks. This naturally promotes
the expansion (2) to a sum over genus, i.e. a losed string expansion.
Furthermore, at the beginning of 90s', Susskind[51℄ and 't Hooft[52℄ himself
introdued the holographi priniple, aording to whih lassial spae-
time geometry and its matter ontents arise from an underling (non a priori
gravitational) quantum theory in suh a way that the ovariant entropy bound
should be satised.
In this onnetion, Maldaena's onjeture aboutAdS/CFT orrespondene [53℄
had merged elegantly these two aspets. It is perhaps the best example of suh
a kind of holographi orrespondene, in whih the supergravity limit of a string
theory in d dimensions admits an holographially dual desription in term of a
gauge theory living on a odimension one manifold, and where the onnetion
between the gauge theory in the open string setor and the losed string theory
is guided by a large N transition. Not less important, it provides a powerful
tool in studying non-perturbative eets of a quantum eld theory by means of
perturbative tehniques proper of string theory.
However, dealing with AdS/CFT orrespondene, a strong working assump-
tion is usually performed. The large N transition is, a priori, a worldsheet eet:
as remarked above, the leading (gauge theory) large N orrelator funtions arise
from planar open string diagrams with some insertion on their boundaries. In
the expeted worldsheet senario, the loops of the original onformal eld the-
ory glue up to form a losed Riemann surfae with n losed string insertions on
a dierent bakground. Thus, the open-losed string equivalene works at the
level of the worldsheet and it has to be implemented at a worldsheet moduli
spae level, though the very proess is unknown.
On the ontrary, in a topologial setup, even if the duality is guided by a
geometrial transition at target spae level (for a review see [54, 55℄), the duality
proess ating at a worldsheet level was identied. As a matter of fat, in their
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original denition, topologial large N open/losed string duality are based on
the gauge theory desription of topologial string theory. In partiular, when
the A topologial string model is dened on a Calabi-Yau X = T ∗M ,M being a
three-manifold, and there are N topologial D-branes wrapping on M , the full
Open String Field Theory is equivalent to a U(N) Chern-Simons on M . The
open string amplitudes are then just numbers omputed by the fatgraphs of the
orresponding gauge theories. In this bakground, the large N transition at at
a geometri level as a onifold transition [55℄ relating the open string Calabi-
Yau bakground X underling the gauge theory and the losed string Calaby-Yau
bakground Y. As usual, at worldsheet level, the senario one expets is that the
boundary of the open Riemann surfae get glued up to form a losed surfae with
n lose string insertion. In this onnetion, at worldsheet level, when the 't Hooft
oupling is small, a new branh of the onformal theory arises and the ompat
domains of this new phase an be viewed as holes for an open string theory living
in a dierent regime. In suh a ontext, assumptions are no longer neessary.
However, the theory is topologial and it exludes a dynamial oupling with
gravity in the target spae. As pointed out, open string amplitudes are just
numbers whih the duality proess rereads in term of the topologial invariants
of the losed surfae.
In this onnetion, a paradigmatial result has been reently established by
Gopakumar [56, 57℄ in the setup of AdS/CFT orrespondene. His intuition has
as starting point N = 4 SYM theory, namely the α′ → 0 limit of open string
theory. Starting from a Shwinger parametrization of free elds orrelators, the
author was able to reorganize n points amplitudes (at genus g in a 't Hooft
sense) in terms of skeleton diagrams. These are simply the graphs obtained by
merging together all the homotopially equivalent ontrations between any two
pairs of vertexes. In this onnetion, the generi skeleton diagram assoiated to
a partiular merging of ontrations is simply a triangulation of the underlying
genus g surfae, with as many vertexes there are internal and external ones.
As a onsequene, the entire expansion for the n-points funtion an be om-
pletely expressed as a sum over all the inequivalently onneted skeleton graphs
ontributing to the amplitude.
The ounting over degrees of freedoms allowed him to interpret the integral
over Shwinger times plus the sum over inequivalent skeleton graphs as sum
over the deorated moduli spae Mg,n × Rn+. Thus, the arising of a losed
string moduli spae, was laimed as the manifestation that a glueing proess
might be seen as a hange of variables in the integrand of amplitudes.
This transition was atually evident in a target spae onnetion: the author
introdued an algorithm whih, exploiting the bulk-to-boundary propagator in-
trodued by Witten, Gubser, Klebanov and Polyakov in [58, 59℄, allows to reast
gauge amplitudes as amplitudes in AdS[57℄.
14 CONTENTS
In view of these results, in order to analyze string dualities in a general
framework, it seems that a disretized approah an play a fundamental role,
in partiular dealing with triangulations with varying onnetivity. Thus, moti-
vated by the ubiquitous role that simpliial methods play in the above results,
in ollaboration with Prof. Mauro Carfora and Dr. Claudio Dappiaggi, we
have tried to implement examples of open/losed string duality in a reently
introdued new geometrial framework[60℄.
Our aim is to extend the large N proess to the appealing ontext of dy-
namial bakground elds, while retaining the open-to-losed transition to be
implemented at a worldsheet level.
This approah is based on a areful use of uniformization theory for trian-
gulated surfaes arrying urvature degrees of freedom. Starting from a losed
string theory point of view i.e. an n-marked Riemann surfae with onial singu-
larities, we an swith through geometrial arguments to a open string theory
point of view where the ones are traded with nite ylindrial ends. This
transition between the open and the losed Riemann surfae exploits a parti-
ular onnetion between the N0 loalized urvature degrees of freedom in the
losed setor and the modular data assoiated to nite ylindrial ends in the
open setor[60℄.
In order to show how this uniformization arises, let us onsider the dual
polytope assoiated with a Random Regge Triangulation Triangulation [61℄
|Tl| → M of a Riemannian manifold M . The singular Eulidean struture
around eah punture an be uniformized by a onformal lass of onial met-
ris (see formula (1.10)), while the edge-renement of the Regge dual polytope
1-skeleton is in one-to-one orrespondene with trivalent Ribbon graphs.
Using properties of Jenkins-Strebel quadrati dierentials [60℄, it is possible
to x a point in the onformal lass deorating the neighborhood of eah ur-
vature supporting vertex, uniformizing it with a puntured disk endowed with
a onial metri
ds2(k)
.
=
[L(k)]2
4π2
|ζ(k)|−2( ε(k)2pi )|dζ(k)|2.
Moreover, exploiting the Stebel theorem[62℄, it is possible to introdue an uni-
formizing oordinate both along the edges of the Ribbon Graph and on eah
trivalent vertex.
Alternatively, we an blow up every one into a orresponding nite ylin-
drial end, by introduing a nite annulus
∆∗ε(k)
.
=
{
ζ(k) ∈ C| exp− 2π
2π − ε(k) ≤ |ζ(k)| ≤ 1
}
endowed with the ylindrial metri:
|φ(k)| .= [L(k)]
2
4π2
|ζ(k)|−2|dζ(k)|2
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It is important to stress the dierent role that the deit angle plays in
suh two uniformization. In the losed uniformization the deit angles ε(k)
plays the usual role of loalized urvature degrees of freedom and, together
with the perimeter of the polytopal ells, provide the geometrial information
of the underlying triangulation. Conversely, in the open uniformization, the
deit angle assoiated with the k-th polytope ell denes the geometri moduli
of the k-th ylindrial end. As a matter of fat eah annulus an be mapped
into a ylinder of irumpherene L(k) and height L(k)2π−ε(k) , thus
1
2π−ε(k) is the
geometrial moduli of the ylinder. This shows how the uniformization proess
works quite dierently from the one used in Kontsevih-Witten models, in whih
the whole puntured disk is uniformized with a ylindrial metri. In this ase
the disk an be mapped into a semi-innite ylinder, no role is played by the
deit angle and the model is topologial; onversely, in our ase, we are able
to deal with a non topologial theory.
Very reently[63℄ Gopakumar pursued further the identiation of the eld
theory expression for the integrand over the Shwinger parameters and with a
orrelator of losed string vertex operator. In his onstrution, he exploited the
isomorphism between the spae of metri Ribbon graphs andMg,n×Rn+ to asso-
iate to eah skeleton diagram naturally oupled to the Shwinger parametriza-
tion of gauge amplitudes the unique dual Ribbon graph. To this end, he pro-
posed a preise ditionary between Strebel lengths lr (i.e. lengths of ribbon
graph edges) and Shwinger times τr, namely:
lr =
1
τr
(4)
With this ditionary in mind, exploiting the Strebel theorem, whih uniquely
assoiate a losed Riemann surfae uniformization to a given ribbon graph, he
gave a onrete proposal to reonstrut a partiular losed Riemann worldsheet
assoiated to a given gauge amplitude.
We would like to remark dierenes between this approah and our on-
strution. Gopakumar starts with gauge theory orrelator, and, identifying
Shwinger times with the inverse of Strebel lengths, he is able to assoiate to
eah orrelator a dual losed surfae. On the ontrary, in our onstrution,
Strebel theorem allows to introdue a suitable uniformization of both the open
and the losed surfaes, while the transition between the two geometries is
deeply rooted into the disrete struture of the surfae. It is obtained exploiting
onformal properties of the singular Eulidean metri around eah vertex in or-
der to trade urvature assignment of the losed surfae into moduli of the open
surfae M∂ , whih thus inherits a preise disrete struture. As a nal result,
in the open setor the overall piture sees the deomposition of the Riemann
surfae into its fundamental ylindrial omponents.
In our piture, eah ylindrial end an be interpreted as an open string
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onneted at one boundary to the ribbon graph assoiated to the disretized
worldsheet and, at the other boundary, to a D-brane whih ats naturally as a
soure for gauge elds. This provides a new kinematial set-up for disussing
gauge/gravity orrespondene.
While, at xed genus g and number of vertexes N0, in the losed setor
both the oupling of the geometry of the triangulation with D bosoni elds
and the quantization of the theory an be performed under the paradigm of
ritial eld theory, the oupling of the two-dimensional open Riemann surfae
M∂ in formula (1.48) with a quantum bosoni open string has alled into play
Boundary Conformal Field Theory (BCFT) tehniques. We have disussed the
quantization of bosoni elds on eah nite ylindrial end, then we have glued
together the resulting BCFTs along the intersetion pattern dened by a the
ribbon graph naturally assoiated to the Regge polytope dual to the original
triangulation[64, 65℄.
In partiular, the unwrapping of the ones into nite ylinders has suggested
to ompatify eah eld dened on the k-th ylindrial end along a irle of
radius Ω(k) = R(k)l(k) :
Xα(k)
ϑ(k)→ϑ(k)+2π−−−−−−−−−−→ Xα(k) + 2πνα(k)R
α(k)
l(k)
ν(k) ∈ Z
where l(k) is an unspeied length dened as a funtion of all harateristi
sales dening the geometry of the underlying triangulation.
Under these assumptions, it is possible to quantize the theory and to ompute
the quantum amplitude over eah ylindrial end: writing it as an amplitude
between an initial and nal state, we an extrat suitable boundary states whih
arise as a generalization of the states introdued by Langlands in [66℄. As they
stand, these boundary state did not preserve neither the onformal symmetry
nor the U(1)L × U(1)R symmetry generated by the ylindrial geometry. It
has then been neessary to impose on them suitable gluing onditions relat-
ing the holomorphi and anti-holomorphi generators on the boundary. These
restritions generated the usual families of Neumann and Dirihlet boundary
states.
Within this framework, the next step in the quantization of the theory has
been to dene the orret interation of the N0 opies of the ylindrial CFT on
the ribbon graph assoiated with the underlying Regge Polytope. This has been
ahieved via the introdution over eah strip of the graph of Boundary Insertion
Operators (BIO) ψ
λ(p)λ(q)
λ(p,q) whih at as a oordinate dependent homomorphism
from Vλ(p) ⋆Vλ(p,q) and Vλ(q), so mediating the hanging in boundary onditions.
Here Vλ(•) denotes the Verma module generated by the ation of the Virasoro
generators over the λ(•) highest weight and ⋆ denotes the fusion of the two
representations.
In the limit in whih the theory is rational (i.e.when the ompatiation ra-
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dius is an integer multiple of the self dual radius Ωs.d. =
√
2) the Hilbert spae
of the BCFT an be rewritten as an SU(2)k=1 WZW model Hilbert spae. It
is then possible to identify BIO as marginal deformations of boundary ondi-
tions hanging operators. Thus they are primary operators with well dened
onformal dimension and orrelators. Moreover, onsidering the oordinates of
three points in the neighborhood of a generi vertex of the ribbon graph, we
an write the OPEs desribing the insertion of suh operators in eah vertex.
Considering four adjaent boundary omponents, it has then been possible to
show that the OPE oeients C
jpjrjq
j(r,p)j(q,r)j(p,q)
are provided by the fusion matri-
es Fjrj(p,q)
[
jp jq
j(r,p) j(q,r)
]
, whih in WZW models oinide with the 6j-symbols
of the quantum group SU(2)
e
pi
3
i :
C
jpjrjq
j(r,p)j(q,r)j(p,q)
=
{
j(r,p) jp jr
jq j(q,r) j(p,q)
}
Q=e
pi
3
i
From these data, through edge-vertex fatorization we have haraterized
the general struture of the partition funtion for this model [67℄ as a sum over
all possible SU(2) primary quantum numbers desribing the propagation of the
Virasoro modes along the N0 ylinders {∆∗ε(k)}.
The emerging overall piture is that of N0 ylindrial ends glued through
their inner boundaries to the ribbon graph, while their outer boundaries lay
on D-branes. Eah D-brane ats naturally as a soure for gauge elds: it has
allowed us to introdue open string degrees of freedom whose information is
traded through the ylinder to the ribbon graph, whose edges thus aquire
naturally a gauge oloring. This provides a new kinematial set-up for disussing
gauge/gravity orrespondene.
Outline
In writing this thesis, I have separated the two dierent topis in two distint
parts.
The rst part has been dediated to the investigation of simpliial and mod-
ular aspets of string dualities.
Chapter 1 ontains an introdution to the peuliar geometry arising when
we uniformize Riemann surfaes arrying urvature degrees of freedom. After
a short presentation of fundamental onepts of simpliial geometry, I have
reviewed the two dual uniformizations of a RRT ited above, thus summarizing
results in [60, 61℄.
With hapter 2 it starts the desription of the oupling between non-ritial
Polyakov string with the geometry dened by the dual uniformized open Rie-
mann surfae ∂M . In partiular, this hapter is devoted to the quantization of
the BCFT arising over eah ylindrial end ∆∗ε(k).
Chapter 3 introdues Boundary Insertion Operators and their onformal
properties, laying the basis of the desription of interation of the NT (0) dis-
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tint opies of the BCFT along the pattern dened by the ribbon graph Γ. This
projet is ompleted in hapter C, where we will show that, at enhaned sym-
metry point, we are able to oherentely desribe the dynamial glueing alling
into play truly marginal deformation of the original boundary onformal eld
theory.
Eventually, hapter 4 is devoted to the analysis of the oupling of the model
with bakground gauge elds.
Part II reports results obtained in [49℄ in searhing for osmologial bak-
ground of superstring theories. Chapter 5, after summarizing the Kaluza-Klein
redution of th bosoni setor of type IIA/B superstring theory on T 7, intro-
dues a partiular ansatz for the bakground metri in D = 3, allowing the
deoupling on the salar sigma model from gravity. In partiular, it shows how
to rephrase the supergravity salar elds equations of motions as geodesi equa-
tions on M128. Moreover, it presents the ompensator method whih allows,
one we have found a solution of the geodesi problem via the solvable Lie al-
gebra parametrization of the above oset manifold, to generate new solutions
exploiting isometries of the model.
In hapter 6 we have applied the ompensator method to the simplest (non-
trivial) oset manifoldM5 = exp [SolvA2], while in hapter 7 shows that the hi-
erarhial dimensional redution/oxidation of supergravity bakgrounds is alge-
braially enoded in the hierarhial embeddings of subalgebras into E8 algebra.
Thus, in hapter 8, after analyzing possible regular embeddings A2 →֒ E8(8),
promoting the solution found with the ompensator method to solutions of
type IIA/B supergravities, we have applied the oxidation proess to derive
the D = 10 supergravity osmologial bakgrounds assoiated to the previous
solutions.
Part I
Simpliial aspets of
string dualities
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Chapter 1
Dual uniformizations of
triangulated surfaes
In this hapter, after a short introdution to the onepts of triangulation of a
Riemann surfae and of random Regge triangulations (an exhaustive introdu-
tion to simpliial geometry an be found in [68℄, while a statistial eld theory
approah to disrete geometry an be found in [69℄), we will review expliitly the
geometrial framework arising when we uniformize triangulated surfaes arry-
ing urvature degrees of freedom. This framework has been developed in [60, 61℄
and we refer to these papers and to referenes therein for a deeper analysis.
1.1 Random Regge triangulated surfaes as sin-
gular Eulidean strutures
One way to dene the topologial properties of a surfae is to onstrut a polyhe-
dron homeomorphi to it. Then we will be able to dene the Euler harateristi
and the homologial properties of the given surfae via the properties of the as-
soiated polyhedron. The main proedure, then, is to assoiate to eah surfae
a olletion of standard objet (triangles in two dimensions, simplexes in higher
ones)in suh a way that it will beome possible to assoiate to eah surfae a
standard abelian struture.
Simplexes are dened as the building bloks of polyhedron. An r-simplex
〈p0 p1 . . . pr〉 is an r-dimensional objet whose vertexes pi are geometrially
independent, that is, no (r − 1)-dimensional hyperplane ontains all the r + 1
points. Let p0, . . . , pr be geometrially independent points in R
m
, with m ≥ r.
The r-simplex σr = 〈p0 p1 . . . pr〉is expressed as:
σr =
{
x ∈ Rm | x =
r∑
i=0
ci pi ≥ 0,
r∑
i=0
ci = 1
}
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where the (c1, . . . , cr) are the baryentri oordinates of x. Sine σr is a
bounded losed subset of Rm, it is ompat.
Let q be an integer with 0 ≥ q ≥ r. If we hoose q + 1 points pi0 , . . . , piq
out of p0 . . . , pr, these q + 1 points dene a q-simplex σq = 〈pi0 , . . . , piq 〉, whih
is alled a q-fae of σr and is denoted by σq ≤ σr. If σq < σr, then σq is alled
a proper fae of σr. We an further dene the star of a fae σp, denoted with
st(σp) as the union of all simplies of whih σp is a fae, and the link of a fae
σp, lk(σp), as the union of all faes σf , f ≤ p in st(σp) suh that σf ∩ σp = ∅
Let T be a nite set of simplies . We dene a simpliial omplex in Rm
a nite set of simplexes T niely tted together, i.e.:
1. If σ ∈ T and σ′ ≤ σ, then σ′ ∈ T .
2. If σ, σ′ ∈ T , then either σ ∩ σ′ = ∅ or σ ∩ σ′ ≤ σ and σ ∩ σ′ ≤ σ′.
The dimension of a simpliial omplex T is dened to be the maximum dimen-
sion of simplexes in T .
Thus, a simpliial omplex is a olletion of simplexes. If eah simplex is
regarded as a subset of Rm, m ≥ dimT , the union of all the elements in T is
a subset of Rm too. It is alled the polyhedron |T | assoiated to a simpliial
omplex T and it holds dim|T | = dimT .
Let X be a topologial spae. If there exist a simpliial omplex T and an
homeomorphism f : |T | → X , then X is said to be triangulable and the pair
(T, f) is alled a triangulation of X .
To be more preise let us onsider a two dimensional simpliial omplex
T with underling polyhedron |T | and a vetor (N0(T ), N1(T ), N2(T )), where
Ni(T ) ∈ N is the number of i-dimensional simplexes in T . A Regge triangu-
lation of a two dimensional Pieewise Linear (PL from now on) manifold M is
an homeomorphism |Tl| → M , where eah fae of T is realized by a retilinear
simplex of variable edge length l(σ1(i)), i = 1, . . . , N1(T ) of the appropriate
dimension.
A dynamial triangulation is a partiular ase |Tl=a| → M of a Regge tri-
angulation in whih a PL manifold is realized by retilinear and equilateral
simplexes of onstant edge length: l(σ1(i)) = a, ∀i = 1, . . . , N1(T ).
A triangulation of a two dimensional PL surfae an be further desribed
by its onnetivity. This is speied via an adjaeny matrix, i.e. the N0 ×N0
matrix:
Bij =
1 if 〈pipj〉 exists0 otherwise (1.1)
A Regge Triangulation has onnetivity xed a priori. However, in the fol-
lowing we will deal with triangulations with both variable edge length (thus
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not dynamial) and variable onnetivity. These struture have been rst in-
trodued in [60℄, where they have been baptized Random Regge Triangulations
(RRT).
The metri struture of a RRT is loally Eulidean everywhere, with the
exeption of the vertexes σ0(i) (also alled the bones), where the sum of the
dihedral angles θ(σ2) of the inident triangles σ an be in exess or in defet
respet to the atness ondition θ(i) =
∑
σ2inc
θ(σ2) = 2π, where the sum
extends to all the triangles inident in the i-th bone. The rst ase is the
negative urvature one, while in the seond ase, we speak of positive urvature.
The orrespondent deit angle is dened as:
ε(i) = 2π −
∑
σ2inc
θ(σ2), i = 1, . . . , N0(T ) (1.2)
If we denote with K0(T ) = {σ0(i)}, i = 1, N0(T ) the 0-skeleton of the tri-
angulation, then M\K0(T ) is a at Riemannian manifold, and any point in the
interior of an r-simplex σr has a neighborhood homeomorphi to B
r×C(lk(σr)),
where Br is the r-dimensional ball in Rm and C(lk(σr)) is the one over the link
of σr (i.e. the produt lk(σr)× [0, 1], with lk(σr)× {1} shrinked to a point).
For the simpler ase of dynamial triangulations, the deit angles are gen-
erated by the urvature assignment, i.e. the string of integers {q(i)}N0(T )i=1
whih speies the number of equilater triangles inident in the i-th bone, via
the relation:
ε(i) = 2π − q(i) arccos 1
2
i = 1, . . . , N0(T ). (1.3)
For a regular (not neessary dynamial) triangulation we have q(k) ≥ 3 ∀k
and, sine eah triangle has three internal angles, the urvature assignments
obey the following onstraint[60℄:
N0(T )∑
k=1
q(k) = 3N2(T ) = 6
[
1− χ(M)
N0(T )
]
N0(t) (1.4)
where χ(M) is the Euler-Poinaré harateristi of the surfae and 6
[
1− χ(M)N0(T )
]
is the average value of the urvature assignments. In partiular, if we remove the
onstraint q(k) ≥ 3 we are dealing with generalized RRT, namely ongurations
in whih the star of a vertex ontains only two or one bidimensional simplexes.
In what follow, we will summarize the main results of [61℄ showing that it
is possible to geometrially haraterize the metrial struture of a generalized
RRT desribed above as a partiular ase of the theory of singular Riemann
surfaes endowed with a Singular Eulidean Struture[70, 71℄. In the
next setion, we will desribe results, of [60℄, showing that this struture an be
desribed in terms of omplex funtions theory.
Let us onsider the rst baryentri subdivision of |Tl| → M and, within
this subdivision, the losed stars of the vertexes of the original triangulation.
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σ0(i)
σ0(j)
σ0(k) l(i,j)
L(k)
Figure 1.1: Relations between the edge-lengths of the onial polytope and the
edge-lengths of the triangulation
They form a olletion of two-ells {ρ2(i)}N0(T )i=1 haraterizing a polytope P
barientrially dual to T . As remarked in [61℄, it is important to stress that we
are not dealing with a retilinear presentation of P , where the ells are realized
by rigid polytopes, but with a geometrial presentation of P , where the two-ells
retain the onial geometry indued by the deitary sum of dihedral angles of
the original triangulation. To this end, we endow eah ell {ρ2(i)}N0(T )i=1 with a
polar referene frame, entered on the vertex σ0(i). Denoting with (λ(i), χ(i))
the polar oordinate of a point p ∈ ρ2(i), then ρ2(i) is geometrially realized as
the spae[61℄
ρ2(i) =
{(λ(i), χ(i)) | λ(i) ≥ 0; χ(i) ∈ R/(2π − ε)Z}
(0, χ(i)) ∼ (0, χ′(i)) (1.5)
endowed with the metri
d2λ(i) + λ2(i) d2χ(i) (1.6)
This denition haraterize the onial Regge polytope |PTl | → M baryentri-
ally dual to |Tl| →M .
The relation between the onial geometry of the baryentrially dual poly-
tope |PTl | →M and the original triangulation data are xed one they are given
the lengths of the 1-simplexes of |Tl| → M . A diret alulation provides the
lengths of the (third part of the) medians onneting the baryenter ρ0(i, j, k) of
the triangle dened by the bones σ0(i), σ0(j)andσ0(k), i, j, k = 1, . . . , N2(T ),
to the middle points of its edges. Following notation in [60℄, let us denote with
l(i, j) the length of the edge of the triangle onneting the bones σ0(i) and
σ0(j), while Lˆ(k) is the length of the segment onneting its middle point with
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ρ0(i, j, k) (i.e. the third part of the median drawn from σ0(k), see g. 1.1). We
an write:
Lˆ2(i) =
1
18
l2(i, j) +
1
18
l2(k, i) − 1
36
l2(j, k)
Lˆ2(j) =
1
18
l2(j, k) +
1
18
l2(i, j) − 1
36
l2(k, i)
Lˆ2(k) =
1
18
l2(j, k) +
1
18
l2(k, i) − 1
36
l2(i, j)
and
l2(i, j) = 8Lˆ2(i) + 8Lˆ2(j) − 4Lˆ2(k)
l2(j, k) = 8Lˆ2(j) + 8Lˆ2(k) − 4Lˆ2(i)
l2(k, i) = 8Lˆ2(k) + 8Lˆ2(i) − 4Lˆ2(j)
In suh a geometrial framework, let ρ2(k) be the generi 2-ell baryentri-
ally dual to the bone σ0(k), k = 1, . . . , N0(T ), and let us denote with:
L(k)
.
=
q(k)∑
i=1
L(ρ1(i)) (1.7)
the length of its boundary, where L(ρ1(i)) is the length of its q(k) ordered edges
ρ1(i) ∈ |PTl | → M . If ε(k) denotes the deit angle assoiated to the bone
σ0(k) ∈ |Tl| →M , the slant radius assoiated with the ell ρ2(k) ∈ |PTl | →M
is dened as:
r(k)
.
=
L(k)
2π − ε(k) , k = 1, . . . , N0(T ) (1.8)
We an assoiate to eah two-ell ρ2(k) ∈ |PTl | →M an open ball B2(k) ={
p ∈ ρ2(k)/∂(ρ2(k))}; it is ontained in st(σ0(k)). To any vertex we an asso-
iate a omplex uniformizing oordinate ζ(k) dened on an open disk of radius
r(k):
B2(k) −→ Dk(r(k)) .= {ζ(k) ∈ C | 0 ≤ ζ(k) ≤ r(k)} (1.9)
In terms of ζ(k) we an write expliitly the singular Eulidean metri har-
aterizing the singular Eulidean struture on eah open ball as[61℄:
ds2k
.
= e2u |ζ(k) − ζ(k)(σ0(k))|−2
ε(k)
2pi |dζ(k)|2, (1.10)
where u : B2 → R is a ontinuous funtion suh that
|ζ(k) − ζ(k)(σ0(k))| ∂ u
∂ζ(k)
−−−−−−−−−−−→
ζ(k)→ζ(k)(σ0(k))
0 (1.11a)
|ζ(k) − ζ(k)(σ0(k))| ∂ u
∂ζ(k)
−−−−−−−−−−−→
ζ(k)→ζ(k)(σ0(k))
0 (1.11b)
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Up to the onformal fator e2u, (1.10) is the metri of a Eulidean one
of total angle θ(k) = 2π − ε(k). We an glue together the uniformizations
{Dk(r(k))}N0(T )k=1 along the pattern dened by the 1-skeleton of the dual Regge
polytope and generate on M the quasi onformal struture:
(M, Csg)
.
=
⋃
|PTl |→M
{Dk(r(k)); ds2(k)}N0(T )k=1 (1.12)
If |dt2| is a onformally at metri on M , then the quasi-onformal struture
(M, Csg) an be loally represented by the metri[61℄:
ds2T = e
2v|dt2| (1.13)
with onformal fator v ≡ u−∑N0(T )k=1 (− ε(k)2π ) ln|ζ(k)− ζ(k)(σ0(k))|. As there
are no natural hoie for u, the metri is only well dened up to onformal
symmetry: this allows to move within the onformal lass of all the metris
possessing the same singular struture of the triangulated surfae |Tl| →M .
This quasi onformal struture denes a RRT as a partiular ase of the the-
ory of singular Riemann surfaes[61℄. As a matter of fat, the singular struture
desribed above an be summarized introduing the assoiated real divisor:
Div(T )
.
=
N0(T )∑
k=1
(
−ε(k)
2π
)
σ0(k) =
N0(T )∑
k=1
(
θ(k)
2π
− 1
)
σ0(k) (1.14)
supported on the set of bones {σ0(k)}N0(T )k=1 . The degree of suh a divisor is
|Div(T )| = ∑N0(T )k=1 (θ(k)2π − 1) = −χ(M). The real divisor haraterizes the
Euler lass of the pair (|Tl| → M, Div(T )) (or, shortly, (T, Div(T ))): Assoi-
ating to (T, Div(T )) the Euler number[70℄
e(T, Div(T )) = χ(M)− |Div(T )| (1.15)
it is possible to rewrite the Gauss-Bonnet formula as:
Lemma 1 Gauss-Bonnet formula for triangulated surfaes[61℄
Let (T, Div(T )) be a triangulated surfae with divisor:
Div(T ) =
N0(T )∑
k=1
(
θ(k)
2π
− 1
)
σ0(k)
assoiated with the vertexes inidenes {σ0(k)}N0(T )k=1 . Let ds2 be the onformal
metri (1.13) representing the divisor Div(T ). Then
1
2π
∫
K dA = e(T, Div(T ))
where K and dA are respetively the urvature and the area element orrespond-
ing to the metri (1.13).
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Sine for a RRT it holds e(T,Div(T )) = 0, then 12π
∫
K dA = 0, i.e. a trian-
gulation |Tl| ← M naturally arries a onformally at struture. This result
admits a non-trivial onverse:
Theorem 1 Troyanov-Piard[70℄
Let ((M, Csg), Div) be a singular Riemann surfae with a divisor suh that
e(T,Div(T )) = 0. Then there exists on M a unique (up to homothety) onfor-
mally at metri representing the divisor Div(T ).
With these last statements, authors of [61℄ fully haraterized the metri
triangulations as a partiular ase of the theory of singular Riemann surfaes.
Moreover, thanks to the introdution of the real divisor (1.14) and exploiting
the Ponaré-Klein-Koebe uniformization theorem, they showed that the singular
Riemann surfae ((M, Csg), Div) is a partiular ase of singular uniformizations
of (M, N0) = M −
∑N0(T )
i=1 σ0(i), thus inluding the study of RRT into the the-
ory of puntured surfaes[61℄. However, they stressed that in due to the presene
of null euler number, this approah would have involved non standard tehniques
to be dealt with. Thus, they pursued further this analysis relating the spae
of inequivalent singular Eulidean struture to the theory of uniformization of
singular Eulidean surfaes via the properties of Jenkins-Strebel quadrati dif-
ferentials.
Remark 1 We would like to stress that the onstrution desribed above in-
ludes naturally partiular limiting ases of Regge triangulation like those situ-
ations in whih some of the vertexes are haraterized by deit angles ε(K)→
2π, i.e. θ(k) = 0. Suh a situation orrespond to having the one C|lk(σ0(k))|
over the link lk(σ0(k)) realized as an Eulidean one of total angle 0. These
situations, whih had always been onsidered as pathologial, are no loger so in
the onnetion introdued above: the orresponding two-ells ρ2(k) ∈ |PTl | →M
an be naturally endowed with the onformal Eulidean struture obtained by
setting
ε(k)
2π = 1 in (1.10). The remaining objet is then (up to the onformal
fator e2u) the at metri on the semi-innite ylinder S1 × R+ (a ylindrial
end). Alternatively, it is possible to onsider ρ2(k) endowed with the geometry
of an hyperboli usp, i.e. an half-innite ylinder endowed with the hyperboli
metri λ(k)−2(dλ(k)2 + dχ(k)2). The triangles inident in σ0(k) are then real-
ized as hyperboli triangles with the vertex loated at λ(k) =∞ ad null inident
angle. The two points of view are stritly related: one an swith from the Eu-
lidean representation to the hyperboli one simply setting the onformal fator
to e2u =
(
ln 1|ζ(k)−ζ(k)(σ0(k))|
)−2
. The presene of ylindrial ends is onsistent
with a singular Eulidean struture as long as the assoiated divisor satises the
topologial onstraint |Div(t)| = −χ(M)[60℄.
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Figure 1.2: The two-ells ρ2(k) of the dual polytope |PTl →M | an be geomet-
rially represented by a puntured disk uniformized by a onial metri, while
its 1-skeleton is in one-to-one orrespondene with a trivalent ribbon graph[67℄
1.2 Ribbon graphs on Regge polytopes: moduli
spae parametrization
In the previous setion we have shown that, given a triangulation |Tl| → M
of a Riemann surfae M, the two-ells of the dual Regge polytope |PTl | → M
are geometrially realized by puntured disks, uniformized by a onial met-
ri. Moreover, the geometrial realization of the 1-skeleton of the dual Regge
polytope is a trivalent ribbon graph:
Γ =
({ρ0(k)}, {ρ1(k)}) (1.16)
where the {ρ0(k)}N2(t)k=1 are the baryenter of the triangles {σ2(k)}N2(t)k=1 ∈ |Tl| →
M , and {ρ1(k)} is the set of edges of |PTl | → M . These are generated by the
pairwise joining of the half edges ρ1(k)+ and ρ1(k)− in through the baryenter
W (k), k = 1, . . . , N1(T ) of the edges {σ1(k)}N1(t)k=1 ∈ |Tl| → M . If we formally
introdue a degree-2 ghost-vertex on eah W (k), then the underling graph of
|PTl | →M is the edge renement of Γ (see g. 1.2):
Γ
ref
=
{ρ0(k)} N1(T )⊔
h=1
{W (h)}, {ρ1(j)+}
N1(T )⊔
j=1
{ρ1(j)−}
 . (1.17)
The natural automorphism group Aut(Pl) of |PTl | → M (i.e. the set of
bijetive maps Γ =
({ρ0(k)}, {ρ1(k)}) → Γ˜ = ({ρ˜0(k)}, {ρ˜1(k)}) preserv-
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ing the inidene matrix of the graph), is the automorphism group of its edge
renement[62℄: Aut(PTl)
.
= AutΓ
ref
.
The loal uniformizing omplex oordinate ζ(k), in terms of wih we have
expliitly express the onial metri uniformizing the neighborhood of onial
singularities, provides a ounterlokwise orientation of the two ells of |PTl | →
M . Suh an orientation provides a yli ordering of the set of half edges
inidents on eah vertex ρ0(k)
N2(T )
k=1 : aording to these remarks, the 1-skeleton
of |PTl | → M is a ribbon (or fat) graph, i.e. a graph together with a yli
ordering of the set of half edges inident to eah vertex of Γ. Conversely, any
ribbon graph Γ haraterize a Riemann surfae M(Γ) possessing Γ as a spine.
Thus, the edge renement of the 1-skeleton of the Regge dual graph of a RRT
is in one-to-one orrespondene with trivalent metri ribbon graphs.
The set of all suh trivalent metri Ribbon graphs Γ with given edge set
e(Γ) an be haraterize as a spae homeomorphi to R
|e(Γ)|
+ (where |e(Γ)| is
the number of edges in e(Γ)). The automorphism group AutPTl ats naturally
on R
|e(Γ)|
+ via the homomorphism AutPTl → Se(Γ) (Se(Γ)) being the symmetri
group over |e(Γ)| elements).
In this onnetion, let Aut∂(Pl) ⊂ Aut(Pl), denote the subgroup of ribbon
graph automorphisms of the (trivalent) 1-skeleton Γ of |PTl | →M that preserve
the (labeling of the) boundary omponents of Γ. Then, the spaeK1RP
met
g,N0
of 1
-skeletons of onial Regge polytopes |PTl | →M , with N0(T ) labelled boundary
omponents, on a surfae M of genus g an be dened by [62℄
K1RP
met
g,N0 =
⊔
Γ∈RGBg,N0
R
|e(Γ)|
+
Aut∂(Pl)
, (1.18)
where the disjoint union is over the subset of all trivalent ribbon graphs (with
labelled boundaries) satisfying the topologial onstraint 2 − 2g − N0(T ) < 0,
and whih are dual to generalized triangulations. It follows, (see [62℄ theorems
3.3, 3.4, and 3.5), that the set K1RP
met
g,N0
is loally modeled on a stratied spae
onstruted from the omponents R
|e(Γ)|
+ /Aut∂(Pl) by means of a (Whitehead)
expansion and ollapse proedure for ribbon graphs, whih amounts to ollapsing
edges and oalesing vertexes, (the Whitehead move in |PTl | →M is the dual of
the ip move [69℄ for triangulations). Expliitly, if l(t) = tl is the length of an
edge ρ1(j) of a ribbon graph Γl(t) ∈ K1RPmetg,N0 , then, as t→ 0, we get the metri
ribbon graph Γ̂ whih is obtained from Γl(t) by ollapsing the edge ρ
1(j) . By
exploiting suh onstrution, we an extend the spae K1RP
met
g,N0
to a suitable
losure K1RP
met
g,N0 [72℄, (this natural topology on K1RP
met
g,N0
shows that, at least
in two-dimensional quantum gravity, the set of Regge triangulations with xed
onnetivity does not explore the full onguration spae of the theory). The
open ells of K1RP
met
g,N0
, being assoiated with trivalent graphs, have dimension
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provided by the number N1(T ) of edges of |PTl | →M , i.e.
dim
[
K1RP
met
g,N0
]
= N1(T ) = 3N0(T ) + 6g − 6. (1.19)
There is a natural projetion[60℄
p : K1RP
met
g,N0 −→ RN0(T )+ (1.20)
Γ 7−→ p(Γ) = (l1, ..., lN0(T )),
where (l1, ..., lN0(T )) denote the perimeters of the polygonal 2-ells {ρ2(j)} of
|PTl | →M . With respet to the topology on the spae of metri ribbon graphs,
the orbifold K1RP
met
g,N0
endowed with suh a projetion aquires the struture
of a ellular bundle. For a given sequene {l(∂(ρ2(k)))}, the ber
p−1({l(∂(ρ2(k)))}) = {|PTl | →M ∈ K1RPmetg,N0 : {lk} = {l(∂(ρ2(k)))}} (1.21)
is the set of all generalized onial Regge polytopes with the given set of
perimeters[60℄. If we take into aount the N0(T ) onstraints assoiated with
the perimeters assignments, it follows that the bers p−1({l(∂(ρ2(k)))}) have
dimension provided by
dim
[
p−1({l(∂(ρ2(k)))}] = 2N0(T ) + 6g − 6, (1.22)
whih again orresponds to the real dimension of the moduli spae Mg,N0 of
N0-pointed Riemann surfaes of genus g.
The omplex analyti geometry of the spae of onial Regge polytopes whih
we will disuss in the next setion generalizes the well-known bijetion (a home-
omorphism of orbifolds) between the spae of metri ribbon graphs K1RP
met
g,N0
(whih forgets the onial geometry) and the moduli spae Mg,N0 of genus g
Riemann surfaes ((M ;N0), C) with N0(T ) puntures [62℄, [72℄. This bijetion
results in a loal parametrization of Mg,N0 dened by
h : K1RP
met
g,N0 →Mg,N0 ×RN+ (1.23)
Γ 7−→ [((M ;N0), C), li]
where (l1, ..., lN0) is an ordered n-tuple of positive real numbers and Γ is a metri
ribbon graphs with N0(T ) labelled boundary lengths {li} (gure 8).
If K1RP
met
g,N0 is the losure of K1RP
met
g,N0
, then the bijetion h extends to
K1RP
met
g,N0 →Mg,N0 ×RN0+ in suh a way that a ribbon graph Γ ∈ RGP
met
g,N0 is
mapped in two (stable) surfaes M1 and M2 with N0(T ) puntures if and only
if there exists an homeomorphism between M1 and M2 preserving the (labeling
of the) puntures, and is holomorphi on eah irreduible omponent ontaining
one of the puntures.
As remarked in [60℄, it is important to stress that even if ribbon graphs an
be thought of as arising from Regge polytopes (with variable onnetivity), the
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morphism (1.23) only involves the ribbon graph struture and the theory an be
(and atually is) developed with no referene at all to a partiular underlying
triangulation. In suh a onnetion, the role of dynamial triangulations has
been slightly overemphasized, they simply provide a onvenient way of labeling
the dierent ombinatorial strata of the mapping (1.23), but, by themselves
they do not dene a ombinatorial parametrization of Mg,N0 for any nite N0.
However, it is very useful, at least for the purposes of quantum gravity, to
remember the possible genesis of a ribbon graph from an underlying triangula-
tion and be able to exploit the further information oming from the assoiated
onial geometry. Suh an information annot be reovered from the ribbon
graph itself (with the notable exeption of equilateral ribbon graphs, whih an
be assoiated with dynamial triangulations), and must be suitably odied by
adding to the boundary lengths {li} of the graph a further deoration. This an
be easily done by expliitly onneting Regge polytopes to puntured Riemann
surfaes[60℄.
1.3 Dual uniformizations of a random Regge tri-
angulated surfae
The genesis of a ribbon graph as underlying struture of a RRT has been
shown very useful beause it has allowed to parametrize the moduli spae of
a RRT via the morphism between the spae of trivalent metri ribbon graphs
and Mg,N × RN+ . Nonetheless, the full set of data we are handling inlude the
onial geometry dened on the Regge polytopes. This an be odied in the
above ontext by adding to the ribbon graph data (i.e. to the boundary lengths
{L(k)}N0(T )k=1 ) a suitable deoration whih arises naturally one we onnet the
dual Regge polytopes |PTl | →M to the theory of puntured Riemann surfaes.
In [62℄ it was introdued a ribbon graph uniformization whih, exploit-
ing properties of Jenkins-Strebel quadrati dierential, allowes to assoiate
to a ribbon graph with given edge lengths {L(k)}N0(T )k=1 a omplex struture
((M,N0), C), i.e. a puntured Riemann surfae. This onstrution is a priori
ompletely general: given a smooth Riemann surfae with N marked points and
(C, (p1, . . . , pN )) and an ordered N -tuple (a1, . . . , aN) ∈ RN+ , there is a unique
meromorphi quadrati dierential
1 φ onM satisfying the following onditions:
1
Let us remember that an holomorphi quadrati differential dened on a ompat
Riemann surfae M is an element of H0(C, KC
⊗2) (being KC
⊗2
the seond symmetri tensor
produt of the anonial sheaf on M , KC). In a loal oordinate frame on M the quadrati
dierential is represented by φ = f(z)(dz)2, f(z) being a loally dened holomor fun-
tion. Under a oordinate hange w = w(z) the loal expression φ = f(z)(dz)2 = g(w)(dw)2
transforms as
f(z) = g(w(z))
(
dw(z)
dz
)2
. (1.24)
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1. φ is holomorphi on C/(p1, . . . , pN ).
2. φ has a double pole at eah pj , j = 1, . . . , N .
3. The union of all non-ompat horizontal leaves
2
form a zero-measure lose
subset of M .
4. Every ompat horizontal leaf γj is a simple loop surrounding one of the
poles and satisfying:
aj =
∫
γj
√
φ (1.25)
where the branh of the square root is hosen so that the integral has
a positive value with respet to the positive orientation of γj , whih is
determined by the omplex struture on M .
This quadrati dierential is alled Strebel differential. The olletion
of all its ompat horizontal leaves surrounding a pole forms a puntured disk
entered on the pole itself. The puntured disk ends on the set non-ompat
horizontal leaves onneting pairwise the zeros of the dierential. The latters
are joined to the pole by a vertial leaf(see [62℄). The union of the puntured
disks (with the puntures lled by the points (p1, . . . , pn)), of the zeros of φ and
of the non-ompat horizontal leaves form the underlying topologial surfae of
the Riemann surfae M .
In this sense, a Strebel quadrati dierential dened on a nonsingular Rie-
mann surfae M of genus g determines a unique ell deomposition φ of M
onsisting of N0 2-ells, N1 1-ells and N2 0-ells, where N2 is the number of ze-
ros of the Strebel dierential and it holds N0−N1+N2 = 2−2g. The 1-skeleton
A meromorphi quadrati dierential on M is an holomorphi quadrati dierential with the
exeption of a nite set (p1, . . . , pN ) of points of M suh that at eah singularity pj of φ
there is a loal expression φ = fj(z)(dz)2 with a meromorphi funtion fj(z) having a pole
at z = z(pj). If fj(z) has a pole of order r at z = z(pj), then we say that φ has an order r
pole at z = z(pj).
2
Let us reall that given a meromorphi quadrati dierential φ = f(z)(dz)2 dened on
M , a real parametri urve
γ : (a, b) ∋ t 7→ γ(t) = z ∈ C
parametrized on an open interval (a, b) of the real axis is
• an horizontal leaf (or horizontal trajetory) of φ if
f(γ(t))
(
dγ(t)
dt
)2
> 0
for every value of t ∈ (a, b);
• a vertial leaf (or vertial trajetory) of φ if
f(γ(t))
(
dγ(t)
dt
)2
> 0
for every value of t ∈ (a, b).
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|T |     Ml
vs
φ∆
Figure 1.3: Dierenes between |Tl| →M and ∆φ
of suh a ellular deomposition, i.e. the union of the 0-ells and 1-ells of the
the ell deomposition whih is dened by the Strebel quadrati dierential is
a metri ribbon graph.
Moreover, the set of all the vertial leaves that onnet zero and poles of the
Strebel dierential, together with the ell deomposition φ indued on M by
the non-ompat horizontal leaves, form a anonial triangulation (in the sense
desribed above) ∆φ of M .
With these remarks, in [62℄ it had been shown haw to onstrut a anonial
oordinate system on a Riemann surfae M : one they are given a N marked
pointsM and an N -tuple of real numbers, we simply have to introdue the loal
expression of the assoiated Strebel dierential, where loal means valid in eah
0,1,2-ell of φ.
In [60℄, this onstrution had been diretly applyed to the triangulation
|Tl →M |, one they have been performed the following identiations:
(M,φ) RRT
(p1, . . . , pN ) ←→ {σ0(i)}N0(T )i=1
(a1, . . . , aN ) ←→ {L(i) = L(∂ρ2(i))}N0(T )i=1
φ ←→ |PTl | →M
Let us stress that it does not hold the identiation between ∆φ and |Tl| →M :
the anonial triangulation ∆φ is obtained via the triangulation of eah polygon
of φ, while |Tl| →M is the Regge dual of |PTl | →M (see g. 1.3).
Let us onsider the dual Regge polytope |PTl | →M and its underlying ribbon
graph Γ. Let ρ2(i) ∈ |PTl | → M , ρ2(j) ∈ |PTl | → M and ρ2(k) ∈ |PTl | → M
be three pairwise adjaent two-ell baryentrially dual to the vertexes σ0(i) ∈
|Tl| → M ,σ0(j) ∈ |Tl| → M ,σ0(k) ∈ |Tl| → M (see g 1.4). Eah edge of the
ribbon graph Γ is shared by two triangles of ∆φ whih an be gluing together
to get the purple diamond shape in g. 1.4. This is the set of vertial leaves
interseting ρ1(i, j). Let ρ0(i, j, k) and ρ0(j, l, i) be the two endpoints of the
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Figure 1.4: Dual Regge polytope assoiated to |Tl| →M
strip and let us assign it an arbitrary diretion, for example from ρ0(i, j, k)
to ρ0(j, l, i). For an arbitrary point P the diamond, the anonial oordinate
z(i, j) =
∫ P
ρ0(i,j,k)
√
φ|ρ1(i,j) maps the diamond to the strip
Uρ1(i,j) =
{
z(i, j) ∈ C | 0 ≤ z(i, j) ≤, l(ρ1(i, j))} (1.26)
of innite height and width l(ρ1(i, j)),where l(ρ1(i, j)) is the length of the on-
sidered edge, i.e. the strip is the loal uniformization on the Riemann surfae
of the union of the two triangles. The loal expression φ|ρ1(i,j) of the Strebel
dierential is
φ|ρ1(i,j) = (dz(i, j))2 (1.27)
On the other hand, the vertexes of the ribbon graphs are, aording to the
ellular deomposition indued by the Strebel dierential, the zero of the dier-
ential itself. Every quadrati dierential has an expression φ = m
2
4 ω
m−2 (dω)2
around a zero of degree m − 2. Thus we an use it as the expression of the
Strebel dierential on an open neighborhood
Uρ0(i,j,k) = {ω(i, j, k) ∈ C | |ω(i, j, k)| ≤ δ, ω(i, j, k)(ρ0(i, j, k)) = 0}
(1.28)
surrounding ρ0(i, j, k). Sine the 1-skeleton of |PTl → M is a trivalent graph,
m = 3 for eah vertex, thus:
φ|ρ0(i,j,k) =
9
4
ω(i, j, k) (dω(i, j, k))2 (1.29)
The transformation law (1.24) on the intersetion Uρ0(i,j,k) ∩ Uρ1(i,j) gives
the transition funtion between the two oordinates pathes:
ω(h, j, k) =

z(h, j)
2
3
e
2pi
3 iz(j, k)
2
3
e
4pi
3 iz(k, h)
2
3 .
(1.30)
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Figure 1.5: The omplex oordinate neighborhoods assoiated to the dual
polytope[60℄
Due to the onial geometry retained by the deit angles, the extension the
uniformization on the 2-ells of the ellular deomposition (i.e. on the Regge
polytopes ρ2(i)) is a little more subtle. We will show that is possible to keep
trak of the onial geometry of the polytopes in two dierent ways, thus leading
to two dual uniformizations.
Sine the ondition (1.25), we an hoose a loal oordinate ζ(i) on an open
disk Uρ2(i) dened by the union of all the ompat horizontal leaves homotopi
to σ0(i) suh that
3
φ|ρ2(i) = −
L(i)2
4π2
dζ(i)2
ζ(i)2
(1.31)
If z(i, jν), ν = 1, q(i) are the oordinates dened on the edges surrounding
the given 2-ell ρ2(i), it holds on the intersetions Uρ2(i) ∩ Uρ1(i,jnu):
(dz(i, jν))
2 = −L(i)
2
4π2
dζ(i)
ζ(i)2
(1.32)
If we x the integration onstants suh that the uniformizing unit disk
Uρ2(i) = {ζ(i) ∈ C | |ζ(i)| < 1, ζ(i)(σ0(i)) = 0} (1.33)
overs the full polytope ρ2(i), we get the following transition funtions on
Uρ2(i) ∩ Uρ1(i,jnu)[60℄:
ζ(i) = exp
 2πi
L(i)
ν−1∑
β=1
(L(i, jβ) + z(i, jν))
 ν = 1, . . . , q(i), (1.34)
where L(i, j) = l(ρ1(i, j)) and
∑ν−1
β=1
.
= 0 if ν = 1.
Sine for any losed urve c : S1 → Uρ2(i) homotopi to the boundary of
Uρ2(i) it holds ∮
c
√
φ|ρ2(i) = L(i), (1.35)
3
Let us remember the identiation ai ↔ L(i), i = 1, . . . , N0(T )
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then the geometry assoiated with φ|ρ2(i) is desribed by a ylindrial metri
assoiated with a quadrati dierential with a seond order pole,i.e.
|φ(i)| .= |φ|ρ2(i)| =
L(i)2
4π2
|dζ(i)|2
|ζ(i)|2 . (1.36)
We are dealing with suh a limiting situation like those desribed at the end
of setion 1.1: the puntured disk ∆∗i ⊂ Uρ2(i)
∆∗i = {ζ(i) ∈ C | 0 < |ζ(i)| < 1} (1.37)
endowed with the ylindrial metri (1.36) is isometri to a at semi-innite
ylinder.
To keep trak of the onial geometry assoiated to the polygonal ell ρ2(i)
we an reall that the onformal fator in (1.10) denes the metri on the
polytopes only up to onformal symmetry. Thus, for a given deit angle
ε(i) = 2π − θ(i) we an onformally relate the ylindrial geometry (1.36)
and the onial one (1.10) xing the onformal fator u suh that:
ds2(i)
.
=
L(i)2
4π2
|ζ(i)|−2 ε(i)2pi |dζ(i)|2 (1.38)
We an eventually state:
Proposition 1 [60℄ If {pk}N0k=1 ∈M denotes the set of puntures orresponding
to the deorated vertexes {σ0(k), ε(k)2π }N0k=1 of the triangulation |Tl| → M , let
RPmetg,N0 be the spae of onial Regge polytopes |PTl | → M , with N0(T ) labelled
vertexes, and let Pg,N0 be the moduli spae Mg,N0 deorated with the loal metri
uniformizations (ζ(k), ds2(k)) around eah punture pk. Then the map
Υ : RPmetg,N0 −→ Pg,N0
provided by
Υ : (|PTl | →M) −→((M ;N0), C); {ds2(k)}) =
=
N2(T )⋃
{ρ0(i,j,k)}
Uρ0(i,j,k)
N1(T )⋃
{ρ1(i,j)}
Uρ1(i,j)
N0(T )⋃
{ρ2(k)}
(∆∗k, ds
2
(k)), (1.39)
denes the deorated, N0-pointed, Riemann surfae ((M ;N0), C) anonially as-
soiated with the onial Regge polytope |PTl | →M .
The dual deoration: trading urvature for moduli
The dual deoration, whih was introdued in [60℄, is quite more subtle and
arises when we open the one over ρ2(i) into its onstituent onial setors. To
show how it works, let Wα(k), α = 1, ..., q(k) be the baryenters of the edges
σ1(α) ∈ |Tl| →M inident on σ0(k), and interepting the boundary ∂(ρ2(k)) of
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the polygonal ell ρ2(k). Let us denote with L̂α(k) the length of the polygonal
lines between the points Wα(k) and Wα+1(k) (with α dened modq(k)). Let us
go bak for a while. In the uniformization (1.9), endowed with the metri (1.10)
(where we have set ζ(k)(σ0(k)) = 0) the points {Wα(k)} haraterize a orre-
sponding set of points on the irumferene {ζ(k) ∈ C | |ζ(k)| = l(∂(ρ2(k)))},
and an assoiated set of q(k) generators {Wα(k)σ0(k)} on the one C|lk(σ0(k))|.
Suh generators mark q(k) onial setors
Sα(k)
.
=
(
cα(k),
L(k)
θ(k)
, ϑα(k)
)
, (1.40)
with base
cα(k)
.
= {|ζ(k)| = L(k), argWα(k) ≤ arg ζ(k) ≤ argWα+1(k)} , (1.41)
slant radius
L(k)
θ(k) , and with angular opening
ϑα(k)
.
=
L̂α(k)
L(k)
θ(k), (1.42)
where θ(k) = 2π − ε(k) is the given onial angle. The one (Dk(r(k)), ds2(k))
(see eq. (1.9)) an be formally represented as:
(Dk(r(k)), ds
2
(k)) = ∪q(k)α=1Sα(k). (1.43)
If we split the vertex of the one and of the assoiated onial setors Sα(k), then
the onial geometry of (Dk(r(k)), ds
2
(k)), ds
2
(k)) an be equivalently desribed
by a ylindrial strip of height
l(∂(ρ2(k)))
θ(k) deorating the boundary of ρ
2(k). Eah
setor Sα(k) in the one gives rise, in suh a piture, to a retangular region in
the ylindrial strip[60℄. Introduing a omplex variable v(k) = x(k) + i y(k) ∈
C, we an expliitly parametrize any suh region as:
Rϑα(k)(k)
.
=
{
v(k) ∈ C| 0 ≤ x(k) ≤ L̂α(k), 0 ≤ y(k) ≤ L(k)
θ(k)
}
. (1.44)
In this onneion, we an go a step further. If we onsider the full ylinder,
we an think to parametrize it with the omplex oordinate z introdued above.
In this ase the assoiated retangular region is:
Rθ(k)(k)
.
=
{
v(k) ∈ C| 0 ≤ x(k) ≤ Lα(k), 0 ≤ y(k) ≤ L(k)
θ(k)
}
. (1.45)
By means of the anonial onformal transformation:
ζ(k) = e
2pii
L(k)
v(k)
(1.46)
we an onformally map the ylinder into the annulus:
∆∗ε(k)
.
=
{
ζ(k) ∈ C | e− 2pi2pi−ε(k) ≤ |ζ(k)| ≤ 1
}
⊂ Uρ2(k). (1.47)
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Figure 1.6: Opening the ones[60℄
Then the surfae with boundary:
M∂
.
= ((M∂ , N0), C) =
N2(T )⋃
{ρ0(i,j,k)}
Uρ0(i,j,k)
N1(T )⋃
{ρ1(i,j)}
Uρ1(i,j)
N0(T )⋃
{ρ2(k)}
(∆∗ε(k), |φ(k)|)
(1.48)
denes the blowing up of the onial geometry of ((M, N0), C, ds2(k)) along the
ribbon graph Γ[60℄.
The metrial geometry of (∆∗ε(k), |φ(k)|) is that of a at ylinder with a
irumpherene lenght given by given by L(k) and height given by L(k)θk
4
. We
also have
∂M∂ =
N0(T )⊔
k=1
S+θ(k) ∂Γ =
N0(T )⊔
k=1
S−θ(k) (1.49)
where the irles
S+θ(k) =
{
ζ(k) ∈ C | |ζ(k)| = e− 2pi2pi−ε(k)
}
(1.50a)
S−θ(k) = {ζ(k) ∈ C | |ζ(k)| = 1} (1.50b)
denote respetively the inner and outer boundary of the annulus ∆∗ε(k). Note
that ollapsing S+θ(k) to a point we get the original ones (∆
∗
k, ds
2
(k). Thus, the
surfae with boundaryM∂ naturally orrespond to the ribbon graph Γ, naturally
assoiated with the 1-skeleton of the dual Regge polytope |PTl | →M , deorated
with the nite ylindrial ends ∆∗ε(k) [60℄.
This latter uniformization had proven invaluable in disussing the modular
aspets of simpliial quantum gravity, in partiular, it allowed a detailed anal-
ysis of the onnetion between the Weil-Petersson volume of the (ompatied)
moduli spae of genus g Riemann surfaes with N0 puntures Mg,N0 and the
dynamial triangulation partition funtion for pure gravity [60℄.
Aording to the above desription, it follows that a metri triangulation an
be seen either as the (singular Eulidean) uniformization ((M,N0),C; ds
2
(k)) of a
puntured Riemann surfae, or as the uniformization of an open Riemann sur-
fae ((M,∂M(k)),C; |φ(k)|) with nite ylindrial ends ∆∗ε(k)[60℄. Underlying
4
Let us reall that this is the slant radius of the generalized eulidean one (∆∗
k
, ds2
(k)
of
base irumpherene L(k) and vertex onial angle θ(k)
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this geometri duality there is the peuliar role played by the deit angles ε(k)
assoiated with the vertexes of the triangulation. They represent the loalized
urvature degrees of freedom of the triangulation, and together with the perime-
ter length L(k) of the 2-ell dual to the given vertex (punture), they provide
the relevant geometri information for uniformizing (with a onial Eulidean
metri) the pointed Riemann surfae around eah punture. Conversely, in the
open Riemann surfae with (N0) boundaries ∂M(k), the deit angles (again
together with the orresponding 2-ell perimeters) are diretly turned into geo-
metri moduli of the assoiated annuli[67℄:
m(k)
.
=
1
2π
ln
1
e−
2pi
2pi−ε(k)
=
1
2π − ε(k) . (1.51)
In other words, loalized urvature an be traded into modular data. These two
points of view merge one into the other when the deit angles ε(k) all degen-
erate into 2π. This orresponds to the limiting situation when the triangles
inident on the given vertex of the triangulation are no longer Eulidean but
rather ideal hyperboli triangles: eah nite ylindrial end turns into a hy-
perboli usp. From a modular point of view we may say that the two dual
singular Eulidean uniformization representing a given random Regge triangu-
lation merge in a unique hyperboli uniformization of the same underlying losed
(pointed) Riemann surfae.
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Chapter 2
BCFT on the annuli:
Langlands' boundary states
Starting from this hapter, we develop the natural framework to desribe the
oupling of a matter eld theory with two dimensional quantum gravity in the
framework desribed in the previous hapter, i.e. with the peuliar geometry
dened the the dual uniformized open Riemann surfae M∂ (see eq. (1.48))
assoiated with the random Regge triangulation |T | → M .
The aim of investigating string dualities in suh a disretized approah, leads
us to deal with non-ritial Polyakov string theory. Thus, let us onsider D
salar elds Xα, α,= 1, . . . , D, dened as injetion maps from the Riemann
surfae M∂ to an unspeied target spae T . In this onnetion, at xed N0
and xed genus g, the strategy we will follow to quantize the bosoni elds on
the open Riemann surfae with boundaries dened in equation (1.48) alls into
play Boundary Conformal Field Theory (BCFT). As a matter of fat, we will
disuss the quantization of bosoni elds on eah annular region ∆∗ε(k), dened
in (1.47), then we shall glue together the resulting BCFTs along the interse-
tion pattern dened by the ribbon graph Γ assoiated with the triangulation.
Finally, as usual in (dynamial or random) triangulation, the oupling with two-
dimensional gravity on the Riemann surfae will be (at least formally) obtained
by summing over all possible triangulation of the original Riemann surfae M ,
i.e. in the dual piture, over all possible ribbon graphs Γ.
When we desribe the metri geometry of the triangulation |Tl| → M as
the dual open Riemann surfae M∂ , we are atually unwrapping eah onial
2-ell ρ2(k) of the dual polytope into a orresponding nite ylindrial end.
The restrition of eah bosoni eld to the outer boundary, Xα(k)|+, viewed
as embedding variables, a priori injets S
(+)
ε(k) on a irle of radius R(k) whose
length 2πR(k) is not neessarily equal to the irumferene of the boundary
itself, i.e. L(k). The same is true for the behavior of the elds (injetion maps)
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on the inner boundary S
(−)
ε(k), so we an extend this behavior to the elds dened
on the whole ylinder and assume that in general they are ompatied on a
irle of irumferene 2πR
α(k)
l(k) , where l(k) is a lenght parameter built on the
harateristi data of the triangulation. In order to not impose any restritions
over this unwrapping proess, we will adopt the general ondition:
Xα(k)(e2πiζ, e−2πiζ) = Xα(k)(ζ, ζ) + 2να(k)π
Rα(k)
l(k)
, να(k) ∈ Z
(2.1)
stating that eah eld Xα(k) winds ν(k) times around the tori yles of the
ompat target spae T .
One we are given a Conformal Field Theory (CFT from now on) on a
losed Riemann Surfae (i.e. the Riemann sphere), the problem to extend this
theory to a theory dened on surfaes with boundary is enoded into nd whih
boundary onditions an be imposed onsistently at the boundaries (in a more
stringy language, this is the question of how many onsistent open string theories
an be added to a given losed string one). In our onnetion, we have to speify
onsistent boundary onditions for the elds Xα(ζ(k), ζ¯(k)), α = 1, . . . , D on
the boundaries of the ylindrial region ∆∗ε(k):
S
(+)
ε(k)
.
=
{
ζ(k) ∈ C | |ζ(k)| = e 2pi2pi−ε(k)
}
(2.2a)
S
(−)
ε(k)
.
= {ζ(k) ∈ C | |ζ(k)| = 1}) (2.2b)
This problem is rather similar to the losed onformal eld theory problem
arising when we ask if, given a CFT on the Riemann sphere, this is suient
to dene uniquely the same CFT on higher genus surfaes. The answer to
this question is known exatly: the theory on the sphere determines uniquely
the CFT on higher genus surfaes beause of loality of the Operator Produt
Expansions (OPE): their oeients are uniquely dened on the sphere and
do not see the dierent genus of the surrounding surfae. However, asking for
onsisteny on higher genus surfaes implies one more ondition: the orrelation
funtions must transform under the ation of the modular group SL(2,Z) at
genus one.
An analogous general result holding for BCFT question is not really known.
One given a theory on the full omplex plane, usually referred to as the bulk
theory, what we know is the omplete list of sewing onstraints that have to
be satised on if we introdue a boundary[73, 74℄. However, it is not known a
priori for whih theory it is possible to nd a omplete set of solutions of these
onstraints. The set of examples in whih a solution has been found shows
that, even in this ase, modular invariane plays a fundamental role: this is
due to the similarity between the lassiation of modular invariant partition
funtions and the lassiation of non-negative integer matrix representation of
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the fusion algebra (see [75℄ and referenes therein). To some extents, the theory
of the ompatied boson belongs to this set.
The OPE oeient, whih are fully determined by the bulk theory, dene
an algebra of elds whih the boundary onditions must respet. We will show
that eah boundary ondition an be desribed by a oherent state built on the
states spae of the bulk theory. However, not every suh a boundary states
desribes an admissible extension of the bulk theory. The main point is that
boundary states must preserve the bulk algebra of elds stating a preise gluing
relation between their left and right modes.
Aiming to expose results in a self-ontained way, we start the hapter with
a brief introdution to the fundamental onepts in (boundary) onformal eld
theory. The expert reader an skip this part, and jump diretly to setion 2.2.
2.1 Bulk and Boundary Conformal Field Theory
To some extents, the CFT assoiated to the ompatied free boson belongs
to the set of onformal eld theories whose extension on an arbitrary surfae
with boundary an be ompletely work out one we know properties of the same
theory dened on the full omplex plane, this latter being usually referred to as
the bulk theory.
Let us reall that, given a vetor spae H and the vetor spae of linear en-
domorphism of H whih are nite linear ombination of homogeneous endomor-
phism, we an dene a eld of onformal dimension (h, h¯) ∈ Z2+ an EndV -valued
formal power series in ζ, ζ¯:
φ(ζ, ζ¯) =
∑
m,n∈Z2
φm,nζ
−m−h ζ¯−n−h¯, (2.3)
i.e.the oeient of this formal Laurent expansion are operators in EndV
A bulk onformal theory is dened as an Hilbert spae of states H(C), en-
dowed with the ation of an Hamiltonian H(C) and of a vertex operation, i.e. a
formal map
Φ(C)(◦; ζ, ζ¯) : H(C) → EndV [ζ, ζ¯] (2.4)
assoiating to eah vetor |φ〉 ∈ H(C) a onformal eld φ(ζ, ζ¯) of onformal
dimension h, h¯.
The bulk theory is ompletely worked out one they are known the oe-
ients of the Operator Produt Expansion (OPE) for all elds in the theory.
Atually, this task is tratable for most of the CFTs, sine the states in H(C)
(and onsequently the assoiated vertex operators) an be organized into irre-
duible representation of the observable algebra generated by the hiral elds.
Chiral elds depend on only one oordinate, ζ or ζ¯, thus they are either
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holomorphi or antiholomorphi:
W a(ζ) =
∑
m
W amζ
−m−ha W
a
(ζ¯) =
∑
m
W
a
mζ¯
−m−h¯a
(2.5)
where the index a labels the dierent hiral elds in the theory and ha and
h¯a are respetively the onformal weights of W a(ζ) and W
a
(ζ¯). Their Laurent
modes W am and W
a
m generate two ommuting hiral algebras,W and W, whih
we will assume to be isomorphi.
The Virasoro elds T and T play a speial role among the hiral elds of
a CFT. Their modes Ln and Ln lose two opies of the Virasoro algebra with
entral extension c:
[Lm , Ln] = (m− n)Lm+n + c
12
n(n2 − 1)δm+n,0[
Lm , Ln
]
= (m− n)Lm+n + c
12
n(n2 − 1)δm+n,0
The Virasoro algebra belongs to the enveloping algebra of the hiral algebra
W . As a matter of fat, sine we an represent the holomorphi and antiholomor-
phi omponents of the stress-energy tensor as the ordered (reator-annihilator)
produt T (z) = γ :W (ζ)aW (ζ)a :, we get a representation of the their Laurent
modes via the Sugawara onstrution:
L0
.
=
∑
n>0
W−n ·Wn + 1
2
(W0)
2
(2.6a)
Ln
.
=
1
2
∑
m∈Z
:Wn−m ·Wm : (2.6b)
The ation of the hiral algebra modes Wm and Wm determine a deompo-
sition of the Hilbert spae into all the irreduible modules of the two ommuting
hiral algebra:
H(C) .=
⊕
λλ
Hλ ⊗ Hλ, (2.7)
where the vetors (highest weights) {λa} and
{
λ
a
}
are the harges (i.e. respe-
tively the W a0 and W
a
0 eigenvalues) assoiated to all the possible ground-states
(highest weight states)|λ〉 and |λ〉1, and where eah hiral module is dened as:
Hλ .= Span
{
W a−m1 . . .W
a
−mN |λ〉 | mi > 0 ∀ i = 1, . . . , N
}
. (2.8)
An equivalent denition holds for the antiholomorphi setor.
1
Let us reall that suh ground-states are dened via the relations (holomorphi setor):
W an |λ〉 = 0 ∀a = 1, . . . , dimW and ∀n > 0
W
a
n|λ〉 = 0 ∀a = 1, . . . , dimW and ∀n > 0
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From these denition we an introdue the vertex operator assoiated to a
holomorphi ground-state |λ〉:
ϕλ(ζ)
.
= Φ(C)(|λ〉; ζ) = cλe
∫
λ−(ζ)dζeiλW0ziλqe
∫
λ+(ζ)dζ
(2.9)
where λ±(ζ) =
∑
m>0 λW±mz
∓m−1
, cλ is an arbitrary oyle and q is a posi-
tion operator.
The vertex operator assoiated with a single osillator ating on the onfor-
mal vauum is dened by:
Φ(C)(W a−m|0〉; ζ) =
1
(m− 1)!
dm−1
dζ
W a(ζ) (2.10)
For a general homogeneous element |φ〉 = W a1−m1 . . .W aN−mN |λ〉, linearity of
EndH ensures:
Φ(C)(|φ〉; ζ) = :Φ(C)(W a1−m1 |0〉; ζ) . . . Φ(C)(W aN−mN |0〉; ζ)Φ(C)(|λ〉; ζ): (2.11)
In the denition (2.7), the module H0 refers to the vauum representation.
From the reonstrution equations (2.9) and (2.10), we see that it is mapped
diretly into W by the vertex operation dened by Φ(C).
Eah irreduible representation Hλ reeive a Z-grading by the ation of L0.
As a matter of fat the L0 eigenvalues (i.e. the onformal weights)
L0(W−m1 . . .W−mN )|λ〉 = m1 + . . . + mN + h|λ〉
dene the level of a state as: l =
∑N
i=1mi so that eah irreduible representa-
tions of W an be deomposed as
Hλ =
⊕
l≥0
Hλl . (2.12)
With the above remarks, we see that eah opy of the hiral algebra fullls all
the requirements of a vertex algebra
2
: for the holomorphi setor, the grading
2
Let us reall that given a Z-graded vetor spae V =
⊕
m Vm, an endomorphism E of V
is homogeneous of degree j if E(Vm) ∈ Vm+j . Thus we an dene[76℄:
Denition 1 A VERTEX ALGEBRA is a olletion of data:
• a Z-graded vetor spae of states V =⊕∞m=0 Vm;
• a vauum vetor |0〉 ∈ V0
• a translation operator ω : V → V of degree one;
• a vertex operation, i.e. a linear map Φ(◦, z) : V → EndV [[z, z−1]] taking eah state
|φ〉 ∈ Vn into a eld of onformal dimension n
subjeted to the following onstraints:
• vauum axiom: Φ(|0〉, z) .= IV
• translational axiom: For any |φ〉 ∈ V , [ω,Φ(|φ〉, z)] = ∂zΦ(|φ〉, z).
• loality axiom: all elds Φ(|φ〉, z) are mutually loal with eah other.
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of the Hilbert spae is the one indued by the ation of L0 desribed above.
The onformal vauum is identied with the ground state |0〉 = |λ = 0〉, whose
assoiated vertex operator is indeed IH. Finally, the role of a traslation operator
is played by L−1, whih satises Φ(L−1|φ|, ζ) = ddζΦ(|φ|, ζ) and Φ(|0〉, ζ) = 0,
as we an see diretly applying the Sugawara representation (2.6).
Let us onsider, for eah irreduible representations of the holomorphi
3
hiral algebra Hλ, the eigenspae of 0-level states V λ0 , i.e., in the ase that
Hλ are the highest weight representations of the hiral algebra, the subspae
ontaining only the (eventually degenerate) highest weight state. It will arry an
irreduible ation of the horizontal subalgebra of W (i.e.the subalgebra losed
by all the zero modes W a0 ) via the ation of the assoiated linear map:
X
λ
Wa
.
= W a0 |V λ0 : V
λ
0 −→ V λ0 (2.13)
As a onsequene, ϕλ(ζ) dened in equation (2.9) is the holomorphi part of
the (Virasoro primary) elds whih arise asW-primary via the ation of the hor-
izontal subalgebra {W a0 }. We an gather the holomorphi and antiholomorphi
part in a single W-primary eld ϕλ,λ¯(ζ ζ¯) assoiated to states in V λ0 ⊗ V
λ
0 .
2.1.1 Glueing onditions and boundary elds
Dealing with open string theory naturally impose to study the onsequenes
of onformal invariane on surfaes delimited by one or more boundaries, on
whih we have to dene suitable eld behaviour. The prototype example, mostly
investigated in literature, is the BCFT dened on the Upper Half omplex Plane
(UHP from now on). Its results are easily extended to other restrited geometries
via suitable loal onformal transformations.
Thus, let us onsider the omplex oordinate z = x + iy and let us restrit
ourselves to ℑz ≥ 0. In the interior part of the domain, the struture of the
boundary CFT is xed by the requiring loal equivalene with the assoiated
bulk theory: thus, loally, there is a one-to-one orrespondene between elds of
the boundary theory and elds of the parent bulk theory. Their loal strutures
oinide in the sense that both theories have idential equal time ommutators
with hiral elds and idential operator produt expansions. In partiular, it
exists a stress energy tensor Tx1,x2(x, y) dened in ∆
∗
ε(k) and, in this onnetion,
the presene of a boundary for ℑz = 0 requires that no energy ows aross the
boundary itself. Introduing the holomorphi and antiholomorphi omponents,
T (z) = 2(Txx + iTxy) and T (z¯) = 2(Txx − iTxy), this implies the ondition
T (z) = T (z¯)|y=0. (2.14)
When the bulk theory ontains other hiral elds W andW of onformal di-
mension hW and h¯W , we have also to require the following ontinuity ondition:
3
Obviously, the same holds for the antiholomorphi setor
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W (z) = ΩW (z¯)|y=0 (2.15)
where Ω is an automorphism of the Dynkin diagram assoiated to the extended
hiral algebra [77℄. To keep ontat with the notation mostly used in lit-
erature, we use Ω to dene the glueing authomorphism on the bound-
ary. It has not to be onfused with the ompatiation radius Ωα(k).
Sine they are dened only on half omplex plane,W andW are not suient
to onstrut the ation of two ommuting opies of the hiral algebra. However,
the assumption of the existene of ontinuity onditions in (2.14) and (2.15) has
the powerful onsequene to give rise to the ation of only one opy of the hiral
algebra on the state spae H(H) of the boundary theory. As a matter of fat,
we an ombine W and W into a single objet W(z) whih, onsidering the
onformal eld theory dened on the UHP domain an be hosen as:
W(z)
.
=
W (z) whenℑz ≥ 0ΩW (z¯) whenℑz < 0 (2.16)
Obviously, dierent domains allow for dierent hoies of W(z). The key point
is that, thanks to the gluing ondition on the boundary, the eld we are now
dealing with is analyti on the whole omplex plane; thus, it an be expanded
in a Laurent series: W(z) =
∑
nW
(H)
n z−n−h, introduing the modes:
W (H)n =
1
2πi
∫
C
dz zn+hW−1W (z) − 1
2πi
∫
C
dz¯ z¯n+h¯W¯−1ΩW (z¯) (2.17)
Ward identities for orrelators of the boundary theory an be retrieving from
the singular part of the OPE of hiral elds with bulk elds ϕ(z, z¯). OPE are
xed by requirement of loal equivalene between the bulk theory and the bulk
of the boundary theory. In we dene the singular part of W with W>(z) =∑
n>−hWnz
−n−h
, The singular part of the OPE is then given by
W(w)ϕ(ζ, z¯) ∼ [W>(w) , ϕ(ζ, z¯)] =∑
n>−h
(
1
(w − z)n+h Φ
(
W (C)n ϕ; z, z¯
)
+
1
(w − z¯)n+h Φ
(
ΩW
(C)
n ϕ; z, z¯
))
(2.18)
We have plaed a supersript (C) on the modes W
(C)
n ,W
(C)
n to display learly
that they at on the elements ϕ ∈ H(C) labeling the bulk elds in the theory.
Let us drop supersript (H) from now on: objets without supersripts are
intended to belong to the boundary theory, while we will put the supersript
(C) when we will have to onsider objets belonging to the bulk theory.
The sum on the right hand side of equation (2.18) is always nite beause ϕ
is annihilated by all modes W
(C)
m ,W
(C)
m with suiently large m. For ℑw > 0
only the rst terms involving W
(C)
n an beome singular and the singularities
48 BCFT on the annuli: Langlands' boundary states
agree with the singular part of the OPE between W (w) and ϕ(z, z¯) in the bulk
theory. In the same way, the singular part of the OPE between ΩW (w) and
ϕ(z, z¯) in the bulk theory is reprodued by the terms whih ontain W
(C)
n , if
ℑw < 0.
For future utility, let us speialize formula (2.18) to the ase of a hiral
urrent J(w) (thus hJ = 1) ating on a primary eld ϕλ,λ¯ ∈ Hλ ⊗Hλ¯. In this
ase, equation (2.18) redues to
J(w)ϕλ,λ¯(z, z¯) ∼
XλJ
w − z ϕλ,λ¯(z, z¯) − ϕλ,λ¯(z, z¯)
Xλ
ΩJ¯
w − z¯ (2.19)
The linear maps XλW and X
λ
ΩJ¯
has been introdued in equation (2.13); they at
on ϕλ,λ¯ by ontration in the rst tensor omponent.
Ward identities for arbitrary n-point funtions of elds ϕij follow diretly
from equation (2.18). They have the same form as those for hiral onfor-
mal bloks in a bulk CFT with 2n insertions of hiral vertex operators with
harges i1, . . . , in, ω(j1), .., ω(jn), where ω is the automorphism of the fusion
rules algebra indued by Ω. In many onrete examples, one has rather expliit
expressions for suh hiral bloks. So we see that objets familiar from the
onstrution of bulk CFT an be used as building bloks of orrelators in the
boundary theory (doubling trik). Note, however, that the Ward identities
depend on the gluing map Ω.
Thanks to Ward identities and bulk elds OPE we an redue the ompu-
tation of orrelators of n bulk elds to a produt of 1-point funtions 〈φij〉α.
These no longer vanish lose to a boundary beause, traslation invariane to-
wards the boundary itself is broken, and they an depend both on their distane
from the boundary itself and, more in general, from the boundary ondition.
Transformation properties of bulk elds with respet to L0, L±1 and W0 x the
form of the one-point funtion to
〈φij(z, z¯)〉α =
Aαij
(z − z¯)hi+hj (2.20)
where Aαij : Hj0 → Hj0 obeys XiWAαij = AαijXjΩW . This last relation implies
j = ω(i+), thus hi = hj .
These parameters are not ompletely free. Sewing onstraint has been
worked out by several authors (see [75℄, [78℄ and referenes therein). In parti-
ular, if we onsider the two point funtion of bulk primary elds 〈φij〉α, luster
properties of CFT and onformal Ward identities (see [78℄ and [74℄ for further
details) allows to write the following relation for 1-point funtion oeients:
Aαi A
α
j =
∑
k
ΞijkA
α
0 A
α
k , (2.21)
where we have dened Aαi
.
= Aαiω(i+). The oeients Ξijk an be expressed as
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ombination of the oeients of bulk OPE and of the fusing matries relating
the onformal bloks of the bulk theory.
The existene on the boundary of the gluing map Ω, dened in (2.15), give
rise to the ation of one hiral algebra W on the state spae of the boundary
theory and induing a deomposition of the open CFT Hilbert Spae H into
irreduible representations of W [75℄:
H =
⊕
λ
Vλ. (2.22)
This allows to introdue a new one-to-one state-eld orrespondene Φ be-
tween states |ψ〉 ∈ H and so-alled boundary elds ψ(x), whih are dened (at
least) for x on the real line [79℄. Let us suppose that boundary ondition does
not jump on the real axis (we will understand the meaning of this assertion
later). Thus, it exists a unique sl2 invariant vauum state |0〉. Then, for any
state |ψ〉 ∈ H, there exists a boundary operator ψ(x) .= Φ(ψ;x) suh that:
ψ(x) |0〉 = exL−1|ψ〉 (2.23)
for all x in the real line. In partiular, the operator ψ(0) reates the state from
the onformal vauum state |0〉. Note also that L−1 generate translations along
the boundary.
The onformal dimension of a boundary eld ψ(x) an be read o from the
L0-eigenvalue of the orresponding state |ψ〉 ∈ H. If |ψ〉 is a primary state of
onformal weight h, denition of onformal modes analogue to (2.17) leads to:
[Ln , ψ(x)] = x
n
(
x
d
dx
+ h (n+ 1)ψ(x)
)
(2.24)
The boundary elds assigned to elements in the vauum setorH0 oinide with
the hiral elds in the theory, i.e. W(x) = Φ(w;x) for some w ∈ H0 and ℑx = 0.
These elds an always be extended beyond the real line and oinide with either
W or ΩW in the bulk. If other boundary elds admit suh an extension, this
suggests an enlargement of the hiral algebra in the bulk theory.
Deomposition (2.22) also implies that the partition funtion may be ex-
pressed as a sum of haraters χi(q) of the hiral algebra,
Z(Ω,α)(q) := TrH(qL0−c/24) =
∑
i
nΩαi χi(q), (2.25)
where nΩαi ∈ N are multipliity oeients.
The existene of boundary extra elds motivates to onsider more general
orrelation funtions in whih the bulk-eld on the interior of the UHP appear
together with boundary elds ψ(x). Following the standard reasoning in CFT, it
is easy to onlude that the bulk elds ϕij(z, z¯) give singular ontributions to the
orrelation funtions whenever z approahes the real line[74℄. This an be seen
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from the fat that the Ward identities desribe a mirror pair of hiral harges i
and ω(j) plaed on both sides of the boundary. Therefore, the singularities in
an expansion of ϕ(z, z¯) ≡ ϕij(z, z¯) around x = ℜz are given by primary elds
whih are loalized at t x on the the real line, i.e. the boundary elds ψ(x).
In other words, the observed singular behavior of bulk elds ϕ(z, z¯) near the
boundary with assoiated boundary ondition α may be expressed in terms of
a bulk-boundary OPE [74℄
ϕ(z, z¯) =
∑
k
(2y)hk−h−h¯ C αϕ k ψk(x), (2.26)
where ψk(x) are primary elds of onformal weight hk. Whih ψk an possibly
appear on the rhs. of (2.26) is determined by the hiral fusion of i and ω(j), but
some of the oeients C αϕ k may vanish for some α.
2.2 The quantum amplitude on the annulus
To work out an expliit expression for an (open) string amplitude overM∂ , let us
approah to the problem dealing rst with building bloks of suh an amplitude,
i.e. the partition funtions over the annular domains ∆∗ε(k), k = 1, . . . , N0.
As rst remark, let us notie that the omputation an be performed in-
dependently for eah omponent Xα, α = 1, . . . , D. As a matter of fat, in
a stringy language the world-sheet ation for the bosoni elds (string oordi-
nates) is:
S =
1
4π
∫
dζ(k)dζ¯(k)Gαβ(k)∂X
α(k)∂¯X¯β(k)+Bαβ(k)∂X
α(k)∂¯X¯β(k)− 1
2
Φ(k)R(2)
(2.27)
where G(k), B(k) and Φ(k) are respetively the bakground metri, the bak-
ground Kalb-Ramond eld and the dilaton. Sometimes in string theory liter-
ature the D2 omponents of G and B, whih enode the geometrial data of
the bakground, are gathered into a matrix E, whose symmetri part is G and
whose antisymmetri part is B:
E = G + B. (2.28)
E is usually alled bakground matrix.
We will deal with at toroidal bakgrounds,i.e. we will onsider a string
moving in a bakground in whih D dimensions are ompatied and the metri
G, the Kalb-Ramond eld B and the dilaton are X independent. In partiular,
in the Polyakov bakground, we will put to zero the B-eld and we will enode
all data about the bakground metri in the ompatiation radius value, so
that the bakground metri an be hosen diagonal and with Gαα(k) = 1 ∀α =
1, . . . , D. Then, the world-sheet ation on ∆∗ε(k) is:
S =
1
8π
∫
dζ(k)dζ¯(k) ∂Xα(k) ∂X¯α(k) (2.29)
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For the ompatied boson, the dynamial degrees of freedom are dened via
the modes of the bosoni elds Xα(ζ(k), ζ¯(k)) obeying the equation of motion
∂∂¯Xα(ζ(k), ζ¯(k))
.
= ∆(k) = 0, where ∆(k) is the Laplaian dened over ∆∗ε(k).
The bulk theory sees a free boson as a losed string injetion map propa-
gating from the remote past (y → −∞) to the remote future (y → −∞) and,
after the onformal mapping in equation (1.46), we an write the following mode
expansion:
Xα(ζ(k), ζ(k)) = Xα0 (k) − ipαL(k) ln ζ(k) − ipαR(k) ln ζ(k)+
i
∑
n6=0
1
n
(
aαn(k)ζ
−n + aαn(k)ζ
−n)
, (2.30)
where we an identify the enter of mass momentum omponents with the hiral
zero modes:
pαL(k) = a
α
0 (k) p
α
R(k) = a
α
0 (k) (2.31)
The only hiral elds are the holomorphi and antiholomorphi urrents
Jα(ζ˜) = i ∂Xα(ζ˜) =
∑
n a
α
n ζ˜
−n−1
and J
α
(ζ¯) = i ∂Xα(ζ¯) =
∑
n a
α
n ζ¯
−n−1
whih generate, for eah eld α = 1, . . . , D, N0 opies of the ane uˆ(1)L ⊗
uˆ(1)R algebra:[
aαn(k) , a
β
m(k)
]
= nδn+m,0δ
α,β
[
aαn(k) , a
β
m(k)
]
= nδn+m,0δ
α,β[
aαn(k) , a
β
m(k)
]
= 0. (2.32)
At this level we an think that the theory on eah ylindrial end deouples
from the others. Thus, from now on, we will suppress the polytope index (k).
We will assume to have N0 opies of the same theory, and we will explain later
how data propagate over the ribbon graph, i.e. how these dierent opies glue
over it.
The bulk Hamiltonian isH = 2πL
(
1
2a
2
0 +
1
2a
2
0 +
1
2
∑
m 6=0 a−n · an + a−n · an
)
,
from whih, replaing the expression of Virasoro generators obtained via the
Sugawara onstrution in this partiular ase,eq. (2.6) with entral extension
c = D, we get:
H(C) =
2π
L
(
L0 + L¯0 − D
12
)
. (2.33)
In the diagonal deomposition (2.7) of the Hilbert spae into irreduible
representations of the two hiral algebras, λ and λ¯ are the (real numbers) uˆ(1)L
and uˆ(1)R harges respetively.
Due to the winding ondition (2.1), highest weight states arries dierent
harges w.r.t the ation of the zero modes a0 and a0. The total Norther's mo-
mentum is pα = 12
(
λα + λ
α
)
, while the variation of α-th eld along a losed
yle isXα(k)
(
e2πiζ, e−2πiζ
) − Xα(k) (ζ, ζ) = 2π (aα0 − aα0 ). Thus, the holo-
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morphi and antiholomorphi u(1) harges
λα(µ,ν) = µ
α l(k)
Rα(k)
+
1
2
να(k)
Rα(k)
l(k)
(2.34a)
λ
α
(µ,ν) = µ
α l(k)
Rα(k)
− 1
2
να(k)
Rα(k)
l(k)
(2.34b)
We an ollet the holomorphi and antiholomorphi ground-states into a single
objet |λα, λα〉 = |λα(µ,ν)〉 ⊗ |λ
α
(µ,ν)〉. The ation of Heisenberg algebra on this
vauum is obvious:
aαn | (µα, να)〉 .= aαn ⊗ I | (µα, να)〉 = aαn|λα(µ,ν)〉 ⊗ |λ
α
(µ,ν)〉 (2.35a)
aαn | (µα, να)〉 = I ⊗ aαn | (µα, να)〉 = |λα(µ,ν)〉 ⊗ aαn|λ
α
(µ,ν)〉 (2.35b)
and the assoiated hiral primary eld is :eiλαX
α
L(ζ) eiλαX
α
R(ζ¯) :.
Chiral Fok spaes are onstruted by applying the rising operators on the
hiral vaua. From the Sugawara onstrution of Virasoro generators, we see
that Ln| (µα, να)〉 = 0 ∀n > 0, thus the vaua form a ontinuous set of highest
weight states with holomorphi (resp. antiholomorphi) highest weights h = 12λ
2
(resp. h = 12λ
2
).
The deomposition of the Fok spaes in term of Verma modules is straight-
forward: sine the desendant states are obtained by the repeated appliation
of a−n, n > 0, whih is equivalent to the repeated appliation of L−n, n > 0,
beause a−n also raises the onformal dimension of n, the Fok spaes and the
Verma modules oinide, Hλ = Vh. However, this happens only as long as
λ 6= √2m, with m ∈ 12Z. On the other hand, when λ =
√
2m with m ∈ 12Z,
the presene of a null state
4
at level 2|m| + 1, auses eah Fok spae to be
a reduible representation of the Virasoro algebra and to deompose into an
innite sum of Verma modules:
H
√
2m =
∞⊕
l=1
V(|m|+l)2 (2.36)
Let us stress that this deomposition has nothing to do with the grading indued
by the zero modes of the Virasoro algebra and shown in equation (2.12): this last
deomposition holds for eah value of the left and right hiral algebra harges.
This deomposition shows an hidden SU(2) symmetry. As a matter of fat,
the Virasoro highest weight state with highest weight h = j2 spans in the set
4
Let us reall the denition and the main properties of a null state[80℄:
Denition 2 Null state
Any desendant state state |χ〉 = L−k1 . . . LkN , k1, . . . , kn > 0,whih is annihilated by all
the Virasoro generators Ln with n > 0 is alled a singular vetor (or null vetor or
null state).
Suh a state generates its own Verma module Vχ ∈ Vλ: as a matter of fat, singular vetors are
orthogonal to the whole Verma module, and this property extends to all its own desendants.
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{H
√
2m
a (2|m|+ 1)-dimensional multiplet built with all the u1 highest weight
dened by a value of m fullling the ondition (|m|+ l) = j2, l ∈ Z+.
The same holds for the antiholomorphi setor, thus we an write[78℄:
H(C) =
∫
λ6=√2m
λ6=√2n
Hλ ⊗Hλ ⊕
⊕
m,n∈ Z2
H
√
2m ⊗H
√
2n
=
∫
λ6=√2m
λ 6=√2n
Vλ2
2
⊗ V λ2
2
⊕
⊕
j,j¯∈ Z+2
(
Vj2⊕2j+1 ⊗ V j¯2⊕2j¯+1
)
(2.37)
As outlined in the introdution, from a mirosopi point of view, adding
boundaries implies to dene suitable boundary values assignations. In a stringy
language, it means to work out whih open string theory an be naturally related
to losed string. As well known, losed string theory is naturally oupled to
interating open string. In this onnetion, our ylindrial end an be viewed
both as an open string one-loop diagram or as a tree level losed string diagram,
with a losed string propagating for a nite length path. In the open string
(diret) hannel, time ows around the ylinder. The assoiated quantization
sheme denes funtions of the modular parameter τ = iθ(k) = i(2π−ε(k)) (see
eq. (1.51)). The lose string (transverse) hannel, sees time owing along the
ylinder, and the assoiated quantization sheme is related to the open string
one via the modular transformation τ → − 1τ . In the following, we will swith
bak and forth between these two points of view and the assoiated quantization
shemes.
The amplitude assoiated to this diagram is a deep-investigated objet when
the boundary assignation are a priori dened as the usual speiation of Neu-
mann or Dirihlet boundary onditions (for a review see [81℄ and referenes
therein). However, when we desribe the metri geometry of the triangulation
|Tl| →M with the Riemann surfaeM∂ , we are atually unwrapping eah oni-
al two-ell of the dual polytope |PTl | →M into a nite ylindrial end, in suh
a way that the baryenter behavior of the eventually oupled matter gets dis-
tributed over the full outer boundary S
(−)
ε(k). Thus, in our desription, we well
follow the proedure outlined by Charpentier ans Gawedzky in [82℄, whih al-
lows to speify the amplitudes on an arbitrary Riemann surfae with boundaries
and with an arbitrary speiation of elds on them. In a general framework,
let us onsider a two-dimensional ompat (not neessary onneted) Riemann
surfae Σ with boundary ∂Σ =
⊔N
I=1 SI . If we parametrize the boundary loops
SI ∈ Σ by analytial real maps pI : S1 → SI , then the eld theoretial propa-
gation amplitude over the Eulidean surfae Σ is formally given by the following
funtional integral over the injetion maps X ; Σ→ T :∫
{X◦pI =XI}
DX e−S[X] (2.38)
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where S[X ] is the eulidean ation of the bulk CFT, DX is the formal measure
on the target spae and the eld X is restrited to take presribed values XI
over the boundary loops SI .
The rater abstrat and formal expression (2.38) aquires a preise sense when
we deal with a bosoni eld dening a at toroidal bakground. As a matter
of fat, if we all Ξ the full set of possible boundary assignations, is is always
possible to x some real map Xcl
Xcl : Σ → R (2.39)
whih maps ∂Σ dieomorphially and with the presribed orientation in Ξ (i.e.
it exists a real map Xcl suh that Xcl ◦ pI = XI) and suh that Xcl is an
harmoni funtion w.r.t ∆Σ, the Laplaian operator dened over Σ. Then, for
a generi eld, we an write:
X = Xcl + X˜ (2.40)
where Xcl is the harmoni funtion desribed above, while X˜ : Σ → R is the
olletion of the o-shell modes of X satisfying
X˜ ◦ pI = 0 (2.41)
This last ondition implies the diagonal deomposition of the bulk ation,
S[X ] = S[Xcl] + S[X˜]. Moreover, expanding X˜ =
∑
cMX˜M , where X˜M are
the non zero modes of the Laplaian (∆ΣX˜M = ΛMX˜M , ΛM 6= 0 ∀M), we
nally get:
AΣ =
∑
Xcl
e−S[Xcl] × det′[ 8π
2
N∆Σ
]
1
2
(2.42)
where the prime means the exlusion of the zero mode, while N is the normal-
ization of the Laplaian eigenfuntions. This last expression learly diverges
and needs to be regularized. If Σ ≡ ∆∗ε(k) and N is the ylindrial end area, the
standard Riemann Zeta-funtion regularization tehnique gives
det
′
[
8π2θ(k)
L2(k)∆Σ
] 1
2
=
1
4π
1√
Imτ η(q)
(2.43)
where is the Dedekind-η funtion with argument q = e2πiτ .
To dene a suitable parametrization of the on-shell mode, let us swith to
the transverse hannel. The modular transformation τ → − 1τ redenes
1√
Imτ η(q)
=
1
η(q˜)
. (2.44)
The Laurent expansion of the lassial mode Xα(ζ(k), ζ(k))cl, α = 1, . . . , D
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on the annular region ∆∗ε(k) is:
Xα(ζ(k), ζ(k))cl = X
α(ζ(k))cl + X
α(ζ(k))cl
Xα(ζ(k))cl =
Xα0
2
+ aα(k) ln ζ(k) +
∑
n6=0
Xαn (k)ζ
n(k)
Xα(ζ(k))cl =
Xα0
2
+ bα(k) ln ζ(k) +
∑
n6=0
X
α
n(k)ζ
n
(k) (2.45)
Following a presription introdued in [82℄ and speialized to the ompati-
ed boson in [66℄, it is possible to parametrize the lassial eld (2.45) in term
of its restritions to the boundaries S
(+)
ε(k) and S
(−)
ε(k):
Xα(k)cl|+ .= Xα(ζ(k), ζ(k))|S(+)
ε(k)
= Xα0 −
2π
2π − ε(k) (a
α(k) + bα(k)) +
iθ(k) (aα(k) − bα(k)) +
∑
n6=0
bαn(k)e
inϑ(k) bα−n(k) = bn(k) (2.46)
Xα(k)cl|− .= Xα(ζ(k), ζ(k))|S(−)
ε(k)
= Xα0 +
iθ(k) (aα(k) − bα(k)) +
∑
n6=0
aαn(k)e
inϑ(k) aα−n(k) = an(k) (2.47)
where we have introdued the two sets of oeients {aαn} and {bαn} having the
following expression in terms of the Laurent's modes Xαn (k) and X
α
n(k):
aαn
.
= e−
2pi
2pi−ε(k)nXαn (k) + e
2pi
2pi−ε(k)nX
α
−n(k) (2.48a)
bαn
.
=Xαn (k) + X
α
−n(k) (2.48b)
Redening the ompatiation radius as Ωα(k) = R
α(k)
l(k) , the winding
boundary onditions impose the onsequent parametrization of the dierene
between the oeients aα(k) and bα(k)
aα(k) − bα(k) = −iν(k)Ωα(k), ν(k) ∈ Z, (2.49)
The last term to parametrize is the dierene betweenXα(k)cl|+ andXα(k)cl|−.
This an be ahieved [66℄ via an integer number µ(k) ∈ Z and a real parameter
tα(k) ∈ (0, 2πΩα(k)][66℄
aα(k) + bα(k) = tα(k) + 2πµ(k)Ωα(k). (2.50)
Then, the lassial solution is fully parametrized by the two set of omplex
numbers {aαn} and {bαn}, obeying the reality onditions aα−n(k) = an(k) and
bα−n(k) = bn(k), the ouple of integers (µ(k), ν(k)) ∈ Z2 and the real number
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tα(k) ∈ (0, 2πΩα(k)][66℄:
Xα(ζ(k), ζ(k))cl = X
α
0 +[
tα(k)
2
+ πµ(k)Ωα(k) − i ν(k)
2
Ωα(k)
]
ln ζ(k)+[
tα(k)
2
+ πµ(k)Ωα(k) + i
ν(k)
2
Ωα(k)
]
ln ζ(k)+
∑
n6=0
aαn(k)
q˜n − q˜−n
(
ζn − ζ−n
)
+
∑
n6=0
bαn(k)
q˜−n − q˜n
((
ζ
q˜
)n
−
(
ζ
q˜
)−n)
(2.51)
With these parametrization the lassial term of the full amplitude will
be ompletely determined in terms of the boundary values of the Laurent ex-
pansion of the lassial onguration, modulo the pair of integers (µ(k), ν(k))
whih parametrizes the oeients aα(k) and bα(k). Thus, the sum over all the
independent lassial ongurations in equation (2.42) is worked out summing
over all values of the ouple of integers (µ(k), ν(k)). This leads to the further
fatorization[66℄:
∑
(µ,ν)
e−S[X
α(ζ(k),ζ(k))cl] =
Acl({aαn(k)} {bαn(k)})
∑
(µ,ν)
Acl(µα(k), να(k), tα), (2.52)
where:
Acl({aαn(k)} {bαn(k)}) =∏
n> 0
exp
[
−k
8
(
aαn(k)a
α
−n(k)
1 + q˜2n
1 − q˜2n − a
α
−n(k)b
α
n(k)
2q˜n
1 − q˜2n +
− aαn(k)bα−n(k)
2q˜n
1 − q˜2n + b
α
n(k)b
α
−n(k)
1 + q˜2n
1 − q˜2n
)]
(2.53)
and
∑
(µ,ν)
Acl(µ(k), ν(k), tα) =
∑
(µ,ν)
ei
µα
Ωα t
α
q˜
1
4
(
µ(k)2
Ω(k)2
+ 12ν(k)
2Ω(k)2
)
(2.54)
The full amplitude is then
A({aαn(k)} {bαn(k), tα(k)}) =
1
η(q˜)
Acl({aαn(k)} {bαn(k)})
∑
(µ,ν)(k)
ei
µα
Ωα t
α
q˜
1
4
(
µ(k)2
Ω(k)2
+ 12ν(k)
2Ω(k)2
)
(2.55)
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2.3 Generalized Langlands boundary states and
their onformal properties
On the annular domain ∆∗ε(k) boundaries are onentri irles entered on the
origins. In radial quantization, boundary onditions are imposed by propagat-
ing states from an initial (oherent) state
∣∣∣rα(µ,ν)(S(−)ε(k))〉 residing on the inner
boundary S
(−)
ε(k) to a nal (oherent) boundary state
∣∣∣rα(µ,ν)(S(+)ε(k))〉 naturally
assoiated to the outer boundary S
(+)
ε(k). The Hamiltonian generating this trans-
lation is H(C) = 2πL(k)
(
L0 + L0 +
c
12
)
, while the propagator is q˜(L0+L0+
c
12 )
.
Therefore, the amplitude on the ylindrial end an be formally written as:
A({aαn(k)} {bαn(k)} , tα(k)) =
∑
(µ,ν)(k)
〈
rα(µ,ν)(S
(+)
ε(k))
∣∣∣ q˜L0+ L¯0 − c12 ∣∣∣rα(µ,ν)(S(−)ε(k))〉
(2.56)
The main goal of [66℄ was to nd a formal map whih assoiates to eah
boundary assignation {(µ, ν), {an}} (resp. {(µ, ν), {bn}}) a well dened oher-
ent state
∣∣∣rα(µ,ν)(S(−)ε(k))〉 (resp. ∣∣∣rα(µ,ν)(S(+)ε(k))〉) ∈ Hµ,ν ⊗Hµ,ν .
The proedure, on one hand, exploits the exat orrespondene between the
ouple of integer parameters of the lassial part of the partition funtion and
the integers whih parametrize the left and right zero modes of the ompati-
ed bosoni eld, while on the other hand it introdues a ouple of funtions
Anm1,m2(an, a−n) and B
n
m1,m2(bn, b−n) of only two parameters, whose expliit
expression an be extrated rewriting Acl({an(k)} {bn(k)}) in the form[66℄:
Acl({aαn(k)} {bαn(k)}) =
∞∏
n=1
∑
m1,m2
Bnm1,m2 q˜
n(m1+m2)Anm1,m2 (2.57)
Let us introdue the following generalization of Langlands boundary states:∣∣∣rα(µ,ν)(S(−)ε(k))〉 = eitα−(λα(µ,ν)+λα(µ,ν))×
×
∞∏
n=1
∑
m1,m2
Anm1,m2(a
α
n, a
α
−n)
(
aα−n
)m1 ⊗ (aα−n)m2√
nm1+m2m1!m2!
|(µα, να)〉 (2.58)
and∣∣∣rα(µ,ν)(S(+)ε(k))〉 = eitα+(λα(µ,ν)+λα(µ,ν))×
×
∞∏
n=1
∑
m1,m2
Bnm1,m2(b
α
n , b
α
−n)
(
aα−n
)m1 ⊗ (aα−n)m2√
nm1+m2m1!m2!
|(µα, να)〉 (2.59)
with tα− − tα+ = tα and
Anm1,m2(a
α
n, a
α
−n) = e
iπs(m1+m2)×(2i
√
naαn)
m1−m2
√
m2!
m1!
e−2n|a
α
n|2L(m1−m2)m2 (4n|aαn|2) m1 ≥ m2
(2i
√
naαn)
m2−m1
√
m1!
m2!
e−2n|a
α
n|2L(m2−m1)m1 (4n|aαn|2) m2 ≥ m1
(2.60)
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with L
(m1−m2)
m2 (◦) the m2-th Laguerre polynomial of the (m1−m2)-th kind. By
replaing the aαn with the b
α
n, and by onjugation (indued by the orientation of
the boundary), we get also Bnm1,m2(bαn, bα−n) = Anm1,m2(bα−n, bαn).
Let us stress that the above formula is a generalization of the original Lang-
land's boundary states. As a matter of fat, the expliit expression in [66℄ did
not inlude the phase fator eiπs(m1+m2) for the Anm1,m2 and Bnm1,m2 oeients.
The introdution of suh a phase fator is natural sine these oeients enter
in the partition funtion via the ombination in equation (2.57). Moreover, its
presene is ruial if we want the boundary states to desribe the most general
kind of boundary ondition.
From a marosopi point of view, we an assume the presene of a brane
emitting and adsorbing the boundary states via non-perturbative proesses.
In the same way, in the open string sheme, branes are those objets open
strings endpoints lay on. Boundary onformal eld theory allows to dene
branes in a mirosopi CFT language, without any referring to target spae
geometry: the boundary CFT desribes the perturbative properties of the open
string-brane system. In this onnetion, the role of boundary states is obvious:
they ontain the omplete informations about the stati D-branes. However, as
stressed in the introdution to this hapter, not every linear map suh that one
dening generalized Langlands boundary state atually desribes an admissible
boundary state, i.e.a oherent stati D-brane onguration. To restrit the set of
boundary states to an admissible one, we have to implement the glueing relations
(2.14) and (2.15) diretly on (2.58) and (2.59). Through radial quantization,
i.e. mapping the ylinder into the annulus via (1.46), the (2.14) and (2.15)
translates into
ζ2 T (ζ) = ζ¯2T¯ (ζ¯)||ζ|=1, |ζ|=q˜ ζhW W (ζ) = ζ¯h¯W¯ W¯ (ζ¯)||ζ|=1, |ζ|=q˜ (2.61)
Introduing the Laurent expansion of involved elds, we get the following
onditions applied to boundary states:(
Wn − (−1)h¯W¯Ω(W−n)
)
‖B〉〉 = 0 (Ln − L−n) ‖B〉〉 = 0 (2.62)
where ‖s〉〉 is a generi onformal boundary state.
In our onnetion, the only hiral elds involved besides Virasoro elds are
the holomorphi and antiholomorphi urrents J(ζ) and J¯(ζ¯) generating the
Heisenberg algebra (2.35). Being the urrent algebra abelian, the possible gluing
maps redues to:
J(ζ) = J¯(ζ¯) (2.63a)
J(ζ) = − J¯(ζ¯) (2.63b)
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whih are respetively mapped into
(an + a−n) ‖B〉〉 = 0, (2.64a)
(an − a−n) ‖B〉〉 = 0. (2.64b)
The Sugawara onstrution (2.6) ensures that this onditions are suients
to enfore onformal invariane enoded in (2.14).
With a areful omputation, whih exploits reursion relation of Laguerre
polynomials, and whih is reported in appendix A, we redued generalized Lang-
lands boundary states to the Dirihlet and Neumann Ishibashi states assoiated
with the free bosoni eld Xα(k):∣∣∣rαµ(S(−)ε(k))〉(D) = e√−1tα+µα LRα exp
( ∞∑
n=1
1
n
(
aα−n
) (
aα−n
)) |(µα, 0)〉 , (2.65)
and ∣∣∣rα(S(−)ε(k))〉(N) = exp
( ∞∑
n=1
− 1
n
(
aα−n
) (
aα−n
)) |(0, να)〉 . (2.66)
The most general boundary state will be a superposition of these states,
weighted by suitable oeients:
‖rα(S(−)ε(k))〉〉(D) =
∑
µ∈Z
Cµ
∣∣∣rαµ(S(−)ε(k))〉(D) (2.67a)
‖rα(S(−)ε(k))〉〉(N) =
∑
ν∈Z
Cν
∣∣∣rαν (S(−)ε(k))〉(N) (2.67b)
The glueing automorphism Ω in(2.15) is suient to determine suh oef-
ients uniquely. Strong onstraints on their expression derive diretly by the
relation (2.21) relating oeients of bulk-elds one-point funtion. To show
how this works, let us introdue a more ompat notation. Let us omit the
vetor index α. Moreover let us introdue:
• at xed glueing map Ω, let |Iλ(p)〉〉Ω be the olletion of all the Ishibashi
states whih are built on the primary states of the Hilbert spae of the
BCFT dened over ∆∗ε(p);
• let Y be the olletion of all the indexes λ(p) labeling suh Ishibashi states:
obviously, Y ⊆ Y, where Y = {(µ, ν)} is the olletion of labeling assoi-
ated to the irreduible representations of uL(1)× uR(1);
• let us denote with A = {A(p)} the set of all possible boundary assign-
ments, inluding both the glueing ondition and the dependene from
other parameters, whih we inlude in a olletive index α. Thus, eah
A(p) ∈ A will be a pair A(p) = (Ω, α)5;
5
We do not assign a polytope index to the sets of labels Y , Y and A sine the BCFT
onstruted is the same over eah ylindrial ends, thus these sets oinide over eah ∆∗
ε(p)
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• let us indiate with ‖r(p)(α)〉〉Ω the olletion of all the admissible boundary
states on the boundary S
(−)
ε(p) of ∆
∗
ε(p).
With the statements above, let us write the relation between the boundary
states and the Ishibashi states as:
‖r(p)(α)〉〉Ω =
∑
λ(p)∈Y
B
λ(p)
A(p) |Iλ(p)〉〉Ω, (2.68)
B
l(p)
A(p) being the |Il(p)〉〉 projetion on ‖r(p)(α)〉〉Ω.
Coeients B
λ(p)
A(p) are stritly related both to bulk elds one-point funtion
oeients A
A(p)
λ(p) in (2.20) and to oeients C
A(p)
φ(p) λ(p) entering int the bulk-to-
boundary expansion (2.26) [74, 78, 75℄. In partiular, exploiting transformation
properties of orrelators under the onformal mapping relating the nite ylinder
to the annulus, one an show [78℄:
B
λ(p)
A(p) = A
A(p)
λ(p) (2.69)
Replaing this identity into (2.21), we get the onstraint over the boundary
states' oeients
6
:
B
λ(p)
A(p) · Bλ
′(p)
A(p) = B
λ(p)+λ′(p)
A(p) (2.70)
from whih we get the boundary states:
‖rα(S(−)ε(k))〉〉(D) =
1√
2 L(k)Rα(k)
∑
µ∈Z
eit
α
+µ
α L
Rα exp
( ∞∑
n=1
1
n
(
aα−n
) (
aα−n
)) |(µα, 0)〉 ,
(2.71)
i.e. the Dirihlet boundary state desribing a boundary loop lying on a D-brane
positioned at Xα|+ = t+, and the states
‖rα(S(−)ε(k))〉〉(N) =
√
L(k)
Rα(k)
∑
ν∈Z
e
i
2 t˜
α
+ν
α Rα
L exp
(
−
∞∑
n=1
1
n
(
aα−n
) (
aα−n
)) |(0, να)〉 ,
(2.72)
i.e. a Neumann boundary states desribing a boundary loop moving in the
assoiated diretion. In the above formula, t˜+ is the U(1) holonomy naturally
assoiated to the boundary loop.
6
This is the speialized version of the sewing onstraint holding for the projetions of
boundary states ‖α〉〉 of a Rational Conformal Field Theory on the assoiated Ishibashi states
|j〉〉:
Biα B
j
α =
∑
k
CkijFk1
[
j j
i i
]
Bkα,
where Ckij and Fk1
[
j j
i i
]
are respetively the fusion oeients and fusion matries of the bulk
theory
Chapter 3
Boundary Insertion Operators
To omplete the desription of the BCFT on the full Riemann Surfae, we need
to disuss how the N0 distint opies of the theory, eah one living on a dierent
ylindrial end ∆∗ε(k), interat along the underlying polytope |PTl | → M . In
[67℄, a remarkable intuition proposed that this interation ould be mediated
by boundary onditions hanging operators, whose presene is predited by
boundary onformal eld theory [79, 78℄(see the general theory presented in the
previous hapter).
In this hapter starting from this statement, we slightly modify it. We
desribe interation on the ribbon graph introduing, beside ordinary boundary
ondition hanging operators, a new lass of operators whih mediate the hange
in boundary onditions whih atually take plae non loally on the boundary
shared by two adjaent ylindrial ends. As a matter of fat, while in ordinary
boundary onformal eld theory a jump in boundary onditions on the boundary
is explained by the loal ation of boundary operators, this feature does not t
ompletely our model, both beause, after the glueing proess we do not deal
with a true boundary, but with a separation edge between the two adjaent
ylindrial ends, and beause we do not have a jump in boundary onditions
taking plae in a preise point of this edge (whih we will go on alling boundary,
for the sake of simpliity) but with two dierent boundary onditions whih, in
the adjaeny limit, oexist on this shared boundary. From these onsiderations,
it follows the desription of the dynamial glueing of the N0(T ) opies of the
bosoni BCFT whih we present in this hapter.
3.1 Boundary Insertion Operators
In the bakground dened in setion 2.1.1, it may happen that a boundary
ondition hanges along the real line. In radial quantization, this situation is
explained with the presene of a vauum whih is no longer invariant under
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Figure 3.1: The insertion of boundary operators on the shared boundary be-
tween pairwise adjaent polytope allows to dene the superposition of dierent
boundary onditions[67℄
the ation of L
(H)
−1 . In [79℄ it was proposed that suh states were obtained by
the ation of a boundary operator on the true vauum, i.e. it may happen
that boundary operators indue transitions on boundary onditions along the
boundary. These boundary ondition hanging operators are assoiated with
vetors in the Hilbert spae depending on both the boundary onditions, and
they annot be obtained from bulk elds through a bulk to boundary OPE.
In this setion we will propose a slight modiation of this piture, introdu-
ing a partiular lass of boundary ondition hanging operators whih, living
on the boundary shared between two adjaent polytopes and arrying an ir-
reduible ation of the hiral algebra, will mediate the hange in boundary
onditions between pairwise adjaent ylindrial ends.
To fully understand this statement, let us rst analyze the geometry on the
neighborhood of a shared ribbon graph edge. Ribbon graph's strips represent
the uniformization of the singular struture of the RRT in the neighborhood
of the 1-skeleton of the original triangulation. The ribbon graph arises as a
onsequene of the presene of a loally uniformizing oordinate ζ(k), whih
provides a ounterlokwise orientation in the 2-ells of the original triangula-
tion: suh an orientation gives rise to a yli ordering on the set of the half
edges
{
ρ1(k)±
}N1(T )
k=0
inident on the vertexes
{
ρ0(k)±
}N2(T )
k=0
, stating a 1-to-
1 orrespondene between the 1-skeleton of the original triangulation and the
set o trivalent metri ribbon graphs. In this onnetion, let us onsider two
adjaent ylindrial ends ∆∗ε(p) and ∆
∗
ε(q): these are dual to the adjaent ells
ρ2(p) and ρ2(q). The ylindrial ends are glued to the oriented boundaries ∂Γp
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and ∂Γq of the ribbon graph, whih are denoted respetively by ∂Γp and ∂Γq.
Let us onsider the oriented strip assoiated with the edge ρ1(p, q) of the tri-
angulation and its uniformized neighborhood
(
Uρ1(p,q), z(p, q)
)
and let us take
in
(
Uρ1(p,q), z(p, q)
)
two innitesimally neighboring points z1 = x1 + iy1 and
z2 = x2 + iy2 suh that x1 = x2. Thus, if y1 → 0 we are approahing the
intersetion between the boundary ∂Γp of the ribbon graph and the oriented
edge ρ1(p, q), while when y2 → 0 we are approahing the intersetion between
the boundary ∂Γq of the ribbon graph and the oriented edge ρ
1(q, p). From a
BCFT point of view, this leads to the onlusion that, in the adjaeny limit
desribed above, the eetive boundary between two adjaent ylindrial end
is unique and shares the two dierent boundary onditions assoiated to S
(−)
ε(p)
and S
(−)
ε(q).
In this onnetion, it is no longer orret to argue the presene of vauum
state whih is not invariant under translations along the boundary. The shared
boundary is obtained glueing two loops, eah of them being part of a domain,
on whih we have dened a self-ontained BCFT, with its assoiated Hilbert
spae and vauum state invariant under translation along the boundary loop.
Thus, in order the glueing proess to take plae oherentely, we have to
require that eah state of the Hilbert spae melt without breaking the onformal
and hiral symmetry of the model. This leads to the denition of Boundary
Insertion Operators.
A CFT is onsistently dened on eah ylindrial end one we have imposed
onstraints in (2.61). In partiular, speializing to the Virasoro elds, on ∆∗ε(p)
inner boundary we have
ζ(p)2 T (ζ(p)) = ζ¯(p)2T¯ (ζ¯(p))||ζ(p)|=1 (3.1)
while in the inner boundary of ∆∗ε(q) it holds:
ζ(q)2 T (ζ(q)) = ζ¯(q)2T¯ (ζ¯(q))||ζ(q)|=1 (3.2)
This onditions allows to ombine, on eah ylindrial end, T and T in
a unique objet (well dened onformally mapping the ylinder into a semi
annular domain in the UHP), thus allowing to assoiate to eah ylindrial end
a single opy of the Virasoro algebra (the same obviously holds for the other
hiral elds, see eq. (2.17)).
In this onnetion, we an pursue further this last onstrution, and im-
plement a non symmetry-breaking glueing of two adjaent ylindrial end by
assoiating, to eah pairwise adjaent ouple of them, a unique opy of both
Virasoro and hiral algebras. To ahieve this, let us onsider the neighborhood
of the (p, q) edge dened in (1.26) and uniformized with the omplex oordinate
z(p, q). Conformal mappings between z(p, q) and the oordinates uniformizing
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Figure 3.2: A small integration ontour interseting the (p, q) edge of the ribbon
graph
eah ylindrial end are dene as:
ζ(p) = e
2pii
L(p)
(L(p)−Lˆ(p,q)+z(p,q)) ζ(q) = e
2pii
L(q)
(L(q)−Lˆ(q,p)+z(q,p))
(3.3)
where it holds z(q, p) = −z(p, q). We an easily express the holomorphi and
antiholomorphi omponents of the Virasoro elds dened on eah ylindrial
end in term of the strip oordinate. For the holomorphi omponents we have:
T(p)(z(p, q)) = T(p)(ζ(p))
(
d z(p, q)
d ζ(p)
)−2
(3.4a)
T(q)(z(q, p)) = T(q)(ζ(q))
(
d z(q, p)
d ζ(q)
)−2
. (3.4b)
Analogous relations hold for the antiholomorphi setor.
Resaling z(q, p) = −z(p, q), then we perform the glueing asking for the
following relations to hold:
T(p)(z(p, q)) = T(q)(z(p, q)) |y(p,q)=0 (3.5a)
T (p)(z¯(p, q)) = T (q)(z¯(p, q)) |y(p,q)=0 (3.5b)
These relations allows to assoiate to eah pairwise adjaent ouples of the-
ories a single opy of the Virasoro algebra. As a matter of fat, these glueing
onditions allows to dene a unique holomorphi omponent of the stress energy-
tensor as:
T(p,q) =
T(p)(z(p, q)) ifz(p, q) ∪ ζ(p) 6= 0T(q)(z(q, p)) ifz(q, p) ∪ ζ(q) 6= 0 (3.6)
The same holds for the antiholomorphi setor, allowing to dene a unique
T (z¯(p, q)). Moreover, T(p,q) and T (z¯(p, q)) are not independent, beause of
relations (3.1) (3.2). Thus, to eah pairwise adjaent ouples of ylindrial ends,
we an assoiate a unique opy of the Virasoro algebra. This an be dened
onsidering a small integration ontour rossing the (p, q) boundary, like that
at the rhs of g. 3.2
Thanks to the ontinuity ondition along the boundary, we an atually
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write:
L(p,q)n =
1
2πi
∮
C(p,q)
z(p, q)n+1T(p,q)(z(p, q)) =
1
2πi
∮
C(p)
dz(p, q) z(p, q)n+1Tp(z(p, q))+
1
2πi
∮
C(q)
dz(q, p) z(q, p)n+1Tq(z(q, p)) (3.7)
A similar reasoning an be performed for the other hiral elds of the model,
but performing a partiular attention at the gluing maps Ω in (2.16). As a
matter of fat, we must keep in aount the fat that this glueing proess must
relate relate the two glueing authomorphisms Ω(p) and Ω(q) assoiated to the
BCFTs dened respetively on ∆∗ε(p) and ∆
∗
ε(q).
With the above remarks, we an assoiate to eah pairwise oupled BCFTs
a unique Hilbert spae arrying a representation of the u(1)(p,q) algebra. Con-
sequently the assoiated olletion of boundary operators will have a primary
u(1) (and Virasoro) index λ(p, q). We ask the pair of polytope indexes (p, q) to
be ordered, assuming that this means that the operator in question lives on the
p-side of the boundary of the strip onneting ∆∗ε(p) with ∆
∗
ε(q). Moreover,
these operators arry the information about the onformal boundary ondition
over S
(−)
ε(p), thus they are labeled by another index A(p):
ψ
A(p)
λ(p,q)(x(p, q)), (3.8)
where x(p, q) = ℜz(p, q).
In the same way, we an dene with
ψ
B(q)
λ(q,p)(x(q, p)) (3.9)
(with x(q, p) = ℜz(q, p)) the assoiated operator, transformed under the on-
formal mapping z(p, q) = − z(q, p). Aording to the above assumptions, oper-
ators in (3.9) live on the q- side of the (p, q) edge, thus arrying the information
about the boundary ondition on S
(−)
ε(q).
However, the above distintion between p-side elds and q-side ones is merely
artiial, sine the spetrum of boundary operators assoiated to a given edge
is unique. The natural onsequene of this is that eah of them must arry the
information about the boundary onditions adopted on both S
(−)
ε(p) and S
(−)
ε(q).
Thus the omplete labeling of Boundary Insertion Operators (BIO) whih
arises from the BCFT dened on the (p, q)-edge is
ψ
B(q)A(p)
λ(p,q) (x(p, q)); (3.10)
In this onnetion, these objets naturally mediate the hange in boundary
onditions between pairwise adjaent boundaries. The labels ordering, indiates
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the diretion in whih BIO ats, with the understanding that:
ψ
λ(q,p)
A(p)B(q)(x(q, p)) = ψ
B(q)A(p)
λ(p,q) (x(p, q)); (3.11)
At this level of the disussion, the ation of BIO is still purely formal. Sine
the swith in boundary onditions (from A(p) to B(q) and vieversa) will at
both on the glueing authomorphism and on the Wilson line/brane position (see
remarks before equation (2.68)), we an relate their ation to an authomorphism
of the algebra relating the two glueing maps Ω(p) and Ω(q) (see equation (2.16)).
Moreover, BIOs are hiral primary operators of the U(1) algebra: their expres-
sion suggests to adopt a desription analogue to that one introdued in [83℄ for
usual boundary operators in Rational Conformal Field Theory (RCFT). They
an be represented as Chiral Vertex Operators (CVO) whih, in every point
of the boundary, map the oupling between states dened by the boundary
ondition A(p) and states belonging to the λ(p, q) representation of the hiral
algebra to the spetrum of states whih denes the boundary ondition B(q).
We an introdue a pitorial desription of the interation as represented by the
(non loal, beause the swith between boundary ondition take plae along the
full boundary) interation vertex:
A(p) B(q)
λ(p, q)
ψ
B(q)A(p)
λ(p,q)
This kind of interation is equivalent to the usual hiral vertex whih rep-
resent the map from the fusion of two representation of the (bulk) Virasoro
algebra λ(p) and λ′(p) to the representation λ′′(p).
The analogy stated with the usual CVO formalism is purely formal, sine the
fusion proess desribed above involve dierent objets like boundary states
(whih are superposition of Ishibashi states) and irreduible representations
of the hiral algebra. However, this analogy allows to speify the onformal
properties of these operators. It is possible, a priori, to assign a multipliity
index to BIOs, t = 1, . . . , N
A(p)B(q)
λ(p,q) for eah ψ
λ(p,q)
A(p)B(q)(x) whih takes into
aount the degeneration whih an our in the map proess desribed before.
Moreover, BIO are primary operators of the boundary hiral algebra, thus their
onformal dimension oinide with the highest weight of the Vλ(p, q) module of
the U(1) (Virasoro) algebra:
H(p, q) =
1
2
λ(p, q)2 (3.12)
BIOs live on the ribbon graph, thus their interations are guided by the
Investigations at the T-duality self dual radius 67
trivalent struture of Γ. A areful and exhaustive analysis, whih has been
entirely reported in appendix B, shows that this struture allows to dene all
fundamental oeients weighting the self-interation of boundary insertion op-
erators. Two points funtions are well dened on the edges of the graph, while
OPE oeients naturally denes the fusion of dierent boundary insertion op-
erators interating in N2(T ) tri-valent vertexes of Γ. Moreover, we have shown
that thanks to the trivalent struture of the ribbon graph, we an dene a set of
sewing onstraint these oeients must satisfy. Remarkably, these onstraints
are perfetly analogues to the sewing onstraint introdued in [73℄ for boundary
onditions hanging operator, thus enforing the analogy between these latters
and BIO, whih merge dynamially the N0(T ) opies of the BCFT whih are
dened on M∂ .
3.2 Investigations at the T-duality self dual ra-
dius
The above desription an be pursued further if we explore the rational limit of
the ompatied boson BCFT, i.e. the limit
Ω(k)
.
= Ω(k)s.d. =
R(k)s.d.
l(k)
=
√
2 (3.13)
where Ω(k)s.d. is the self-dual radius, i.e. the xed point of T -duality transfor-
mation Ω → 1Ω . If we substitute Ω =
√
2 into (2.34), we obtain λs.d =
(µ+ ν)√
2
and λs.d =
(µ− ν)√
2
, thus we are falling exatly in the situation desribed in
setion 2.2. The holomorphi and antiholomorphi onformal dimensions of pri-
mary elds are respetively hs.d =
(
µ+ ν
2
)2
and hs.d =
(
µ− ν
2
)2
, i.e. they are
the square of an integer or semi-integer number. In full generality, we an write
h(p) = j(p)2, j(p) ∈ 12Z. This lead to the presene of a null state at the level
2j + 1 in the orrespondent U(1) module, whih onsequently deompose into
into an innite set of Virasoro ones. Consequenes of this an be understood
onsidering the torus partition funtion assoiated the ompatied boson with
Ω = Ωs.d.
1
:
Z(
√
2) =
1
|η(τ)|2
∑
µ, ν ∈Z
q
1
4 (µ+ ν)
2
q
1
4 (µ− ν)2
(3.14)
If we redene m = µ + ν and n = µ − ν suh that m − n = 0mod 2,
(3.14) reads
Z(
√
2) =
1
|η(τ)|2
∑
m,n∈Z
m−n=0mod2
q
1
4m
2
q
1
4n
2
. (3.15)
1
In this disussion we will omit the polytope index: it will be restored when we will deal
again whit the interation of the N0 opies of the BCFT on the ribbon graph
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We an introdue the extended haraters[80℄:
C0(τ) =
1
η(τ)
∑
meven
q
1
4
m2 =
1
η(τ)
∑
m∈Z
qm
2
=
θ3(2τ)
η(τ)
(3.16a)
C1(τ) =
1
η(τ)
∑
modd
q
1
4m
2
=
1
η(τ)
∑
m∈Z
q(m+
1
2 )
2
=
θ2(2τ)
η(τ)
(3.16b)
where θi(τ) is the i-th Jaobi Theta funtion. The partition funtion now
reads:
Z(
√
2) = |C0(τ)|2 + |C1(τ)|2. (3.17)
We have atually reorganized the innite Virasoro modules into a nite num-
ber of extended bloks whih transforms linearly into eah others by modular
transformation. The extended Sext matrix, whih enodes the modular data via
the relation Ci(− 1τ ) = Sextij Cj(τ), reads[80℄:
Sext = 1√
2
(
1 1
1 −1
)
(3.18)
These extended bloks are identied with the two irreduible representa-
tions of the ane algebra sˆu(2)k=1, namely the vauum representation H0,
generated from a state transforming in the singlet of the horizontal su(2) al-
gebra, and the representation H 1
2
, for whih the highest weight state trans-
form into the fundamental representation of the horizontal su(2) algebra. Thus,
when Ω(k) = Ω(k)s.d., the BCFT dened over eah ylinder is equivalent to an
sˆu(2)k=1-WZW model: it is an extended non-minimal model generating a Ra-
tional Conformal Field Theory (RCFT), a theory whose possibly innite Verma
modules an be reorganized into a nite number of extended bloks. These are
irreduible representations of an extended symmetry algebra playing the role of
hiral algebra for the underlining CFT.
In this onnetion, the set of labels assoiated to the irreduible representa-
tions of the hiral algebra is nite, Y = {0, 12}, and the Hilbert spae is written
as:
Hbulk =
(
Hsˆu(2)0 ⊗ H
sˆu(2)
0
)
⊕
(
Hsˆu(2)1
2
⊗ Hsˆu(2)1
2
)
. (3.19)
Sine they will be useful in the following disussion, let us summarize the
main features of the onformal eld theory assoiated to the sˆu(2)k=1 WZW
model. sˆu(2)1 (bulk) primary elds are[80℄:
j = 0 →φ(0,0),(0,0)(z, z¯) = I (3.20a)
j =
1
2
→
φ( 12 , 12 ),( 12 , 12 )(z, z¯) = e
i√
2
X(z)
e
i√
2
X(z¯)
φ( 12 ,− 12 ),( 12 ,− 12 )(z, z¯) = e
− i√
2
X(z)
e
− i√
2
X(z¯)
(3.20b)
The assoiated boundary theory is dened by a set of glueing onditions on
the boundary (see formula (2.16)). Let us remember that, one we are given
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a glueing authomorphism, we an assoiate to eah irreduible representation
of the hiral algebra an Ishibashi state[84℄,i.e. a oherent state solution of the
onstraint (2.62). In this onnetion, let us denote the two Ishibashi states
whih are assoiated with the Hsˆu(2)0 and the Hsˆu(2)1
2
modules respetively with
with |0〉〉 and | 12 〉〉. A remarkable property dened by Cardy in [79℄ states that
the set of boundary onditions of a rational boundary onformal eld theory are
labelled exatly by the modules of the hiral algebra, while the orrespondent
boundary states are given by[79℄:
||A(p)〉〉 =
∑
l∈Y(p)
SextAl√Sext0l |l(p)〉〉 (3.21)
In the ase of sˆu(2)k=1-WZW model, we an write Y ≡ A =
{
0, 12
}
, while
formula (3.21) speializes to:
‖J〉〉 = 2− 14 |0〉〉 + (−1)2J 2− 14 |1
2
〉〉, withJ = 0, 1
2
. (3.22)
These properties allow for a omplete denition of BIO of a rational onfor-
mal eld theory. As a matter of fat, sine both boundary states and boundary
operators are identied by primary labels of the extended hiral algebra, in
analogy to what happens for boundary onditions hanging operators of ratio-
nal minimal models, we an dene the glueing proess as the fusion between
the representations assoiated to the two adjaent boundary states and the one
BIO arries. Thus, let us onsider the (p, q) edge ρ1(p, q). If ‖J(p)〉〉 and ‖J(q)〉〉
are the boundary onditions shared by ρ1(p, q), BIOs on ρ1(p, q) are dened as:
ψ
J(p) J(q)
j(p,q) (x(p, q)) = N J(q)J(p) j(p,q) ψj(p,q)(x(p, q)) (3.23)
i.e. they are the sˆu(2)k=1 primary elds weighted by hte fusion rule N
J(q)
J(p) j(p,q).
The latters are given by a ombination of the Sext matrix entries via the Verlinde
formula
N J(q)J(p) j(p,q) =
∑
l∈Y
SextJ(p) l S
ext
j(p,q) l S
ext
l J(q)
Sext0 l
(3.24)
As it stands, this onstrution, valid for the sˆu(2)k=1 model, does not apply
to the ompatied boson at the self-dual radius Ωs.d. As a matter of fat, even if
the Hilbert spae of the two models is the same, the boundary theory assoiated
to the latter one is quite more ompliated. It will lead to the denition of BIOs
of the ompatied boson at the self dual radius as truly marginal deformations
of the operators in (3.23) by the ation of SO(3) elements.
We will dediate the remaining part of this setion to the demonstration of
this statement.
Due to the Sugawara onstrution, eah highest weight representation of
sˆu(2)k=1 is also an irreduible representation of the c = 1 Virasoro algebra,
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whose generators ommute with the horizontal su(2) ones. Thus, we an deom-
pose eah irreduible representation of sˆu(2)k=1 entering in (3.19) with respet
to su(2) ⊗ V ir:
Hsˆu(2)j =
∞∑
n=0
V(n+ j)2 ⊗ Hsu(2)n+ j , (3.25)
where Vh is the onformal weight h irreduible representation of the Virasoro
algebra, while Hsˆu(2)j (resp. Hsu(2)j ) is the (2j + 1)-dimensional representation
of sˆu(2) (resp. su(2)). The bulk Hilbert spae then deompose as:
Hbulk =
∞∑
n,n=0
n+n even
(
Vn2
4
⊗ V n2
4
)
⊗
(
Hsu(2)n
2
⊗ Hsu(2)n
2
)
. (3.26)
As we outlined before, the representations of the Virasoro algebra whih o-
ur in the deomposition are all degenerates. Due to this, the set of Virasoro
primary elds is larger than in the ase of generi ompatiation radius. The
deomposition (3.26) shows that, for xed (m, n), the U(1)L × U(1)R represen-
tation of momenta λs.d. and λs.d. ontains the Virasoro representation provided
that both |m|, |n| ≤ j and j − m and j − n are integers. Conversely, if m
and n satises these onstraints, the representation Vn2
4
⊗ V n2
4
of the Vira-
soro algebra enter exatly one into the representation of U(1) × U(1). Thus
the Virasoro primary elds an be labelled by the triple of indexes (j; m, n),
with the onstraint |m|, |n| ≤ j. This is the elebrated disrete serie of
states[85, 86, 87, 88℄ ψj,mψj,n. The assoiated Ishibashi states are dened in
literature as |j, m, n〉〉[87℄.
The arising of the disrete serie of states is stritly related to the deformation
of an open bosoni string theory obtained by adding suitable boundary operators
to the ation. As a matter of fat, authors of [87℄ showed that the disrete
spetrum generated by the free boson one it is ompatied at the T -duality
self dual radius an be equivalently explained with an open string model in
whih one end of string is subjeted to Dirihlet boundary onditions while, on
the other end, the boundary ondition is dynamially dened by adding to the
ation the following boundary term:
Sb =
∫
dt
1
2
(
ge
iX(t,0)√
2 + ge
−iX(t,0)√
2
)
(3.27)
They showed that the disrete serie of states ited above saturates the dynami
of the boundary problem, sine Neumann boundary states has null momentum,
and the period of the boundary momenta is suh that it injets momenta whih
are integral multiples of
1√
2
, namely the values arried by the disrete states[89℄.
This eets is part of a wider onnetion in whih, one we are given a
boundary onformal eld theory, we an assoiate it dierent models onsider-
ing utuations in boundary ondensate, where the ondensate is dened by a
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boundary term added to the bulk ation:
S = Sbulk + g
∫
dxψ(x) (3.28)
If the operator ψ(x) is truly marginal (for what this means, see appendix C), the
deformation does not take the model away from the renormalization group xed
point[78℄. Thus the bulk theory remains unvaried, and the perturbation eets
involve only a redenition of the boundary onditions, thus aeting boundary
states and the boundary operators.
For the sake of ompleteness, we have inluded in appendix C a ompre-
hensive introdution to the fundamental onepts and tehniques in marginal
deformations of a boundary onformal eld theory. These tehniques will be
used extensively in the following.
In the onnetion of the ompatied boson, the presene of the enhaned
ane symmetry at speial values of the ompatiation radius oinide with
the presene of new massless open string states whih an be used to deform
the theory[90℄. When Ω(k) =
√
2, the losed ane algebra generators an be
represented in term of the boson eld via the Frenkel-Ka-Siegel onstrution
of the ane algebra. In the losed string hannel, the left moving urrents are:
H(ζ(p)) = ∂X(ζ(p)), E± = :e±i
√
2X(ζ(p)) : (3.29)
and the same onstrution holds for the antiholomorphi setor. The sˆu(2)1
urrents modes, Jam and J¯
a
m lose 2 opies of the ane algebra:
[Jam, J
a
n ] =
∑
c
ifabcJ
c
m+n + kmδa,bδm+n,0 (3.30)
The vertex operators for the massless losed string states are given in term
of the urrents above as:
V aP (p) = J
a(ζ(p))∂¯X¯(ζ¯(p))eiPX(ζ(p))+X¯(ζ¯(p)) (3.31)
V¯ aP (p) = J¯
a(ζ¯(p))∂X(ζ(p))eiPX(ζ(p))+X¯(ζ¯(p)) (3.32)
where P = pL + pR is the total enter of mass momentum of the losed string.
The vertex operators for the new open string salar states an be written in the
losed string hannel as:
SaP = J
a(ζ(p))eiPX(ζ(p))
≡ 1
2
[
Ja(ζ(p)) − Ω(p)(J¯a(ζ¯(p)))eiPX(ζ(p))
]
||ζ|=1, |ζ|= 2pi
2pi−ε(k)
, (3.33)
where Ω(p) is the glueing authomorphism on the boundary (see equation (2.16)).
The ourrene of extra massless open string states in equation (3.33), indi-
ates that, at this speial point in ompatiation moduli spae, also the hiral
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algebra of the boundary theory is enhaned. The assoiated urrents J
a(ζ(p))
(dened as in equation (2.16)) are truly marginal operators (see appendix C)
and an atually be ombined to deform the original theory with a boundary
ation of the form:
SB =
∫
dx(p, q)
∑
a
gaJ
a(ζ(p))||ζ|= 2pi
2pi−ε(k)
(3.34)
In this onnetion, deformations in equation (3.27) are a partiular ase
of (3.34), in whih the deformation involves only generators assoiated to the
simple roots of su(2).
Sine hiral marginal deformation are truly marginal [78℄ the deformed model
will hange only for a redenition of boundary onditions (thus boundary states
and boundary operators).
In partiular, in [90, 78℄ it had been showed that the boundary ondition
indued by the presene of an ation boundary term like that in (3.34) is repre-
sented by a boundary state dened as[90, 78℄
‖g〉〉 = g ‖N(0)〉〉s.d. with g = e
∑
a igaJ
a
0
(3.35)
where Ja0 are the horizontal SU(2) algebra generators. Thus, Aording to
formula (3.35) boundary states are atually a rotation of a generator bound-
ary state, whih is that assoiated to Neumann boundary onditions with null
Wilson line. This onstrution over the full moduli spae of boundary states.
Naively, one an expet to obtain a seond branh in the moduli spae of bound-
ary states via the same onstrution on a Dirhlet-like unperturbed boundary
state ‖D(0)〉〉s.d.. However, Dirihlet boundary states are inluded in the set
(3.35). They are obtained via a perturbation of the form (3.34), with the par-
tiular hoie Γ = e−iπJ
1
0
[87℄:
‖D(0)〉〉s.d. = e−iπJ10 ‖N(0)〉〉s.d. (3.36)
Boundary states in eq. (3.35) satisfy the rotated gluing ondition:(
Jam +Ω ◦ γJ¯(J¯a−m)
) ‖B(g)〉〉 = 0 (3.37)
with γJ¯(J¯
a) := e−i
∑
b gbJ
b
0 J¯aei
∑
b gbJ
b
0
Cardy's boundary states (3.22) an be easily retrieved in the set (3.35). As
a matter of fat, when the unperturbed boundary state is a Neumann one with
the Wilson line parametrized by t˜+, the general gluing ondition
E±(ζ) = e±i
√
2t˜+E¯±(ζ¯) (3.38)
is invariant under the shift t˜+ → t˜+ + π
√
2. The marginal perturbation imple-
menting this shift, Γ = exp(i π√
2
J30 ) ats non trivially on a Neumann boundary
state ‖N(t˜+)〉〉, produing exatly a swith of the sign in front of the Ishibashi
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state built on the j = 12 sˆu(2)1 module. Thus we an onlude that, in the
desription of eq. (3.35), Cardy's boundary orresponds to ‖N(0)〉〉s.d. and
‖N(π/√2)〉〉s.d.:
‖0〉〉 = 2 14
(
|0〉〉+ |1
2
〉〉
)
≡ ‖N(0)〉〉s.d. (3.39a)
‖1
2
〉〉 = 2 14
(
|0〉〉 − |1
2
〉〉
)
≡ ‖N(π/√2)〉〉s.d. (3.39b)
This result holds for any gluing ondition we deide to x on the boundary
of the ylinder. The independent gluing onditions are then parametrized by
SO(3), beause the elements whih yield trivial gluing automorphism are those
assoiated to the enter of SU(2). Cardy's boundary states are then those
assoiated to the entral elements of SU(2).
Authors of [91℄ introdued an alternative desription in whih they showed
that the boundary states generated by the perturbation (3.34) an be diretly
parametrized by means of the assoiated SU(2) elements g and desribed via
the following formula:
‖g〉〉 =
∑
j ∈Y
∑
−j ≤m≤ j
−j≤n≤ j
Djm,−n(g)|j; m, n〉〉 (3.40)
where |j; m, n〉〉 is the Ishibashi state assoiated to the disrete h = j2 module
of the su(2) algebra andDjm,−n(g) is the matrix elements of the j-representation
of g ∈ SU(2), parametrized as g = ( a b−b∗ a∗ ). In this desription, the generating
boundary state ‖N(0)〉〉s.d. is assoiated to the SU(2) identity, g = I N(0) =
( 1 00 1 ).
We will not use this onstrution to dene BIO, however we report it beause
it allows to write the annulus amplitude with dierent boundary onditions
assoiate respetively to S
(−)
ε(k) and S
(+)
ε(k) in a quite simple way. Let us onsider
the transition amplitude between two boundary states |α〉 and |β〉 whih an
be dened via the ation of g ∈ SU(2) on |α〉, |β〉 = g|α〉. From the above
denitions of boundary states, it an be shown that Aα,gα depends only on the
onjugay lasses of g (for a detailed demonstration see [78℄, or [91℄, setion
4). Therefore, we an hoose to deform the boundary state with an element
in a given torus of SU(2): t = h−1gh =
(
e4piiλ 0
0 e−4piiλ
)
following the detailed
analysis in [91℄, we an nally write the amplitude as
A(p) = 1√
2
∑
j∈ 12Z+
cos(8πjλ)ϑ2q˜(q˜) (3.41)
where q˜ = e−
2pii
τ
A boundary perturbation will aet the boundary operators spetrum too.
Generially, when the perturbing eld is truly marginal, the study of the de-
formation of a orrelator ontaining both bulk and boundary elds allows to
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dene the image ψ˜j of a boundary eld ψj under a rotation generated by the
perturbing eld ψ as[78℄ (see appendix C):
ψ˜j =
[
e
1
2 gψψj
]
(u) :=
∞∑
n=0
gn
2nn!
∮
C1
dx1
2π
· · ·
∮
Cn
dxn
2π
ψj(u)ψ(xn) · · ·ψ(x1)
(3.42)
where Ci are small irles surrounding the insertion points of the operators ψ(xi)
on the boundary.
As they stands, representations (3.35) and (3.40) of boundary onditions do
not allow to suessfully explain how the transition between pairwise adjaent
boundary onditions take plae. Thus, we have introdued a new representa-
tion for the innite set of boundary onditions whih an be applied to the
ompatied boson at the self-dual radius. This representation merges the in-
nite hoie of boundary onditions with the the neessity to have a BIO ating
a lá Cardy, ie mediating between the dienten boundary onditions exploiting
the fusion rules of the assoiated hiral algebra.
We an exploit onstrution (3.35) to parametrize the generi boundary on-
dition dened over the (inner or outer) boundary of the k-th ylindrial end,
represented by the boundary state ‖g(k)〉〉, with a ouple of elements:
(‖J(k)〉〉, Γ(k)) with
J(k) ∈ AΓ(k) ∈ SU(2)
Z2
(3.43)
being ‖J(k)〉〉 a Cardy's boundary state (thus orresponding to an element in
the enter of SU(2)) and Γ an SU(2)
Z2
group element, suh that:
‖g(k)〉〉 = Γ ‖J(k)〉〉. (3.44)
In this onnetion, the model an be dened not as a truly marginal defor-
mation of a open string theory by means of the ation of elements of the ane
hiral SU(2) , but as a truly marginal deformation of the sˆu(2)k=1 by means of
SO(3) elements.
Thus, BIO for the ompatied boson with Ω(p) =
√
2 are atually given by
the onsequent deformation indued by the two adjaent boundary onditions
on
ˆsu(2)k=1 WZW model boundary insertion operators whih we introdued in
formula (3.23)
To understand how this deformation aets and dene boundary insertion
operators, let us onsider the (p, q)-edge of the ribbon graph. Let the two
adjaent boundary onditions be dened as:
‖g1(p)〉〉 = Γ1(p)‖J1(p)〉〉 (3.45a)
‖g2(q)〉〉 = Γ2(q)‖J2(q)〉〉 (3.45b)
Aording to the parametrization of boundary ondition introdued above,
BIO must mediate both between Cardy's boundary states and between the
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SU(2)
Z2
elements Γ1(p) and Γ2(q). While the former ation is ahieved trough
the fusion prefator N J(q)J(p) j(p,q), the latter an be understood deforming BIO
with the ation of both the boundary potentials whih we are adding on the
(p, q)-edge. As a matter of fat, aording to equation (3.45), the theory on
the (p)-th polytope is deformed by the ation of the boundary term SB(p) =∫
dx(p, q)J1(ζ(p))||ζ(p)|= 2pi
2pi−ε(p)
, while the theory on the (q)-th polytope is de-
formed by the boundary term SB(q) =
∫
dx(q, p)J2(ζ(q))||ζ(q)|= 2pi2pi−ε(q) . Reall-
ing that x(q, p) = −x(p, q), (the funtional part of) boundary insertion opera-
tors, we propose ψj(p,q) to be deformed by a suitable ombination of the SO(3)
operators whih are assoiated to the above boundary terms. We ask this om-
bination to anel, on the boundary, the global eet of the boundary deforma-
tion, to let the two ends glue dynamially in suh a way that this dynami is
atually governed by the fusion rules of the WZW model. This orrespond to a
perform over ψj(p,q) a rotation indued by the
SU(2)
Z2
element Γ = Γ2Γ
−1
1 , with
Γi = e
iJi
. In the same way, ψj(q,p) will be deformed by the ation of by the
ation of Γ
−1
= Γ1Γ
−1
2 .
To show how the above rotation alter the funtional part of boundary inser-
tion operators, let us onsider the expliit expression of omponents of sˆu(2)1
BIO whih we introdued in (3.23). Let us drop for a while the dependene
from the fusion rule fator N J2(q)J1(p) j(p,q). Suh omponents are labelled by two
(semi-)integers j = 0, 12 and −j < m < j. For j = 0 the unique omponent is
the identity operator ψ0,0x(p, q) = I, while for j =
1
2 the two omponents are
ψ 1
2 ± 12 = e
± i√
2
X[ζ(p)(z(p,q))]
∣∣∣
y(p,q)=0
.
Let us onsider the ation of the deformation on ψj(p,q) generated by Γ = e
iJ
(sine we are not moving to a denite representation, we an omit the quantum
number m). Aording to (3.42), the rotated boundary operator will be:
ψ˜j(p,q)(u(p, q)) =
[
e
1
2Jψj(p,q)
]
(u(p, q)) (3.46)
We an ompute expliitly the expression of ψ˜j(p,q) thanks to the self-loality
of the boundary operators, and to the OPE between the truly marginal elds
in the hiral algebra and a boundary operator:
J(x)ψj(u) ∼
X
j
J
x− uψj(u) (3.47)
where X
j
J
is the natural ation of the hiral algebra on a state of the h = j2
sˆu(2)1 module (see formula (2.13).
An order by order omputation in (3.46) gives:
ψ˜j(p,q)(u(p, q)) = e
i
2X
j
Jψj(p,q) (3.48)
i.e. the natural ation of the hiral algebra on the vertex algebra elds trans-
lates into the natural ation of an element of SU(2)/Z2 on the omponents of
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the primary eld assoiated to a given sˆu(2)1's module. Moving to a spei
representation, equation (3.48) beomes:
ψ˜(j,m)(p,q)(u(p, q)) = D
j
mn(Γ)ψ(j,n)(p,q) (3.49)
where Djmn are the Wigner funtions assoiated to Γ =
(
a b
−b∗ a∗
)
:
Djm, n(Γ) =
min(j−m,j−n)∑
l=max(0,n−m)
[(j + m)! (j − m)! (j + n)! (j − n)! ] 12
(j − m − l)! (j + n − l)! l! (m − n + l)!
× aj+n− l (a∗)j−m− l bl (−b∗)m−n+ l. (3.50)
Obviously, the spetrum of sˆu(2)1 boundary primary elds must be invariant
under the ation of Z2. A rst intuition about this omes one we remember
the gluing ondition (3.38) being invariant under the shift generating the ‖1/2〉〉
Cardy's state: the spetrum of boundary operators is generated the ation of a
opy of the hiral algebra:
W(ζ) =
W (ζ) ℑζ ≥ 0Ω ◦ γΓ¯(W¯ (ζ¯)) ℑζ < 0 . (3.51)
The gluing automorphism itself generates the boundary operators' spetrum,
thus a boundary ondensate whih leaves invariant the gluing automorphism
automatially leaves invariant the boundary operators' spetrum too. An ex-
pliit omputation via formula (3.49) of Cardy's boundary operators rotated
by the ation of the boundary ondensate orrespondent to the ‖N(π/√2)〉〉s.d.
boundary state onrms this statement: rotated boundary operators are ob-
tained by multipliation by an inessential phase fator.
Finally, restoring the fusion multipliative oeient, we have the following
expression for boundary insertion operators for the ompatied boson at the
self dual radius:
ψ
[J2,Γ2](q) [J1,Γ1](p)
[j,m](p,q) =
j∑
n=−j
D
j(p,q)
mn(p,q)(Γ2Γ1
−1)ψJ2(q) J1(p)[j n](p,q) . (3.52)
where ψ
J(p) J(q)
j(p,q) (x(p, q)) = N J(q)J(p) j(p,q) ψj(p,q)(x(p, q))
3.3 The algebra of rotated Boundary Insertion
Operators
Aording to last setion remarks, boundary insertion operators for the om-
patied boson at enhaned symmetry values of the self-dual radius have the
following expression:
ψ
[J2,Γ2](q) [J1,Γ1](p)
[j,m](p,q) =
j∑
n=−j
D
j(p,q)
mn(p,q)(Γ2Γ1
−1)ψJ2(q) J1(p)[j n](p,q) . (3.53)
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The aim of this, quite tehnial, setion, is to show that with this hoie,
eets of boundary perturbations do not aet the algebra of boundary oper-
ators, thus they do not hange the dynami of the model. This is a hek of
onsisteny of the above hoie for boundary insertion operators, sine atually
all deformations we have onsidered are indued by truly marginal operators,
thus they must not break the su(2) hiral algebra.
Let us deal with the simplest ase: the amplitude omputed on the open
surfae assoiated with the sphere with three puntures. The amplitude over
eah ylindrial end will involve a sum over haraters twisted by the ation of
onjugay lasses of
SU(2)
Z2
. The full amplitude will involve a sum over the inter-
mediate hannels assoiated with the three edges of the ribbon graph, eah being
assoiated to an automorphism by the operator U = ei[g1(q)−g2(p)], ∀(p, q) =
(1, 2), (1, 3), (2, 3). Suh an automorphism ats at BIOs' level: the BIO assoi-
ated to the (p, q)-th edge will be the Cardy's one rotated by the ation of the
SU(2)
Z2
element Γ2Γ1
−1
The algebra of rotated BIOs follows from their denition. Let us notie that
rotated BIOs are just a superposition of the dierent omponents of Cardy's
sˆu(2)1 primary operators (with respet to the ane hiral algebra).
Let us fous our attention on the two points funtion. When we onsider two
BIOs both mediating a boundary ondition hanging in the p-to-q diretion, we
deal with the following expression:〈
ψ
[J2,Γ2](q) [J1,Γ1](p)
[j,m](p,q) (x1(p, q))ψ
[J4,Γ4](q) [J3,Γ3](p)
[j′,m′](p,q) (x2(p, q))
〉
=∑
nn′
D
j(p,q)
mn(p,q)(Γ2Γ1
−1)Dj
′(p,q)
m′ n′(p,q)(Γ4Γ3
−1)
〈
ψ
J2(q) J1(p)
[j, n](p,q) (x1(p, q))ψ
J4(q) J3(p)
[j′, n′](p,q)(x2(p, q))
〉
(3.54)
First of all, we must notie that a oherent gluing impose the two operators to
mediate between the same boundary onditions (see eq. (B.3)), thus the above
expression redues to:〈
ψ
[J2,Γ2](q) [J1,Γ1](p)
[j,m](p,q) (x1(p, q))ψ
[J2,Γ2](q) [J1,Γ1](p)
[j′,m′](p,q) (x2(p, q))
〉
=∑
nn′
D
j(p,q)
mn(p,q)(Γ2Γ1
−1)Dj
′(p,q)
m′ n′(p,q)(Γ2Γ1
−1)
〈
ψ
J2(q) J1(p)
[j, n](p,q) ψ
J2(q) J1(p)
[j′, n′](p,q)
〉
(3.55)
Equation (3.55) shows that the net eet of the rotation on the two points
funtion vanish, beause we are atually implementing the same SU(2) rotation
on all boundary elds entering in the unperturbed orrelator. Thus the loal
SU(2) invariane ensures:〈
ψ
[J2,Γ2](q) [J1,Γ1](p)
[j,m](p,q) (x1(p, q))ψ
[J2,Γ2](q) [J1,Γ1](p)
[j′,m′](p,q) (x2(p, q))
〉
=〈
ψ
J2(q) J1(p)
[j,m](p,q) (x1(p, q))ψ
J2(q) J1(p)
[j′,m′](p,q)(x2(p, q))
〉
(3.56)
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ρ2(q)
ρ2(r)
ρ2(p)
J1, Γ( )1 (p) J1, Γ( )1 (p)
Γ( ),J2 2 (q) Γ( ),J3 3 (r)
Γ( ),J2 2 (q) Γ( ),J3 3 (r)
ωq
ωr
ωp
Figure 3.3: bla bla bla
Dealing with the two points funtion between a p-to-q and q-to-p mediating
operators, the situation is slightly dierent. We have to ompute:〈
ψ
[J2,Γ2](q) [J1,Γ1](p)
[j,m](p,q) (x1(p, q))ψ
[J1,Γ1](p) [J2,Γ2](q)
[j′,m′](q,p) (x2(q, p))
〉
=∑
nn′
D
j(p,q)
mn(p,q)(Γ2Γ1
−1)Dj
′(q,p)
m′ n′(q,p)(Γ1Γ2
−1)×〈
ψ
J2(q) J1(p)
[j, n](p,q) (x1(p, q))ψ
J1(p) J2(q)
[j′, n′](q,p)(x2(q, p))
〉
(3.57)
As a matter of fat, in the previous expression we are dealing with a repre-
sentation of diagonal subgroup of the diret produt
SU(2)
Z2
(p, q) × SU(2)
Z2
(q, p),
thus it holds (see eq. (D.1):
D
j(p,q)
mn(p,q)(Γ2Γ1
−1)Dj
′(q,p)
m′ n′(q,p)(Γ1Γ2
−1) = Dj×j
′
mn;m′ n′(I) (3.58)
The trivial Clebsh-Gordan expansion (eq. (D.2)) gives (we omit the polytope
indies writing the Clebsh-Gordan oeients):〈
ψ
[J2,Γ2](q) [J1,Γ1](p)
[j,m](p,q) (x1(p, q))ψ
[J1,Γ1](p) [J2,Γ2](q)
[j′,m′](q,p) (x2(q, p))
〉
=∑
nn′
∑
J N
CJ Nj1m1 j2m2C
J N
j1 n1 j2 n2
〈
ψ
J2(q) J1(p)
[j, n](p,q) (x1(p, q))ψ
J1(p) J2(q)
[j′, n′](q,p)(x2(q, p))
〉
=〈
ψ
J2(q) J1(p)
[j,m](p,q) (x1(p, q))ψ
J1(p) J2(q)
[j′,m′](q,p)(x2(q, p))
〉
. (3.59)
In the last equation we have used the unitarity of Clebsh-Gordan oeients
(see equation (D.3b)).
To alulate the OPE of rotated BIOs, let us notie that the rotation gener-
ated by the boundary ondensate does not hange them oordinate dependene.
Let us onsider the situation depited in gure 3.3.
OPE between ψ
[J1,Γ1](p) [J3,Γ3](r)
[j1,m1](r,p)
and ψ
[J3,Γ3](r) [J2,Γ2](q)
[j′,m′](q,r) will mediate a hange
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in boundary onditions from [J2, Γ2](q) to [J1, Γ1](p). In partiular,
ψ
[J1,Γ1](p) [J3,Γ3](r)
[j1,m1](r,p)
(ωr)ψ
[J3,Γ3](r) [J2,Γ2](q)
[j′,m′](q,r) (ωq) =∑
n1(r,p)n2(q,r)
D
j1(r,p)
m1 n1(p,q)
(Γ1Γ3
−1)Dj2(q,r)m2 n2(q,r)(Γ3Γ2
−1)ψJ1(p) J3(r)[j1, n1](r,p)(ωr)ψ
J3(r) J2(q)
[j2,m2](q,r)
(ωq)
We are dealing again with a representation of the diagonal subgroup of the
diret produt
SU(2)
Z2
(r, p) × SU(2)
Z2
(q, r), thus applying (D.1) and the Clebsh-
Gordan series expansion (D.2) we are left with:
∑
n1(r,p)
n2(q,r)
j1+j2∑
j=|j1−j2|
|m|≤j
|n|≤j
Cj mj1(r,p)m1(r,p) j2(q,r)m2(q,r)D
j
mn(Γ1Γ
−1
2 )
× Cj nj1(r,p)n1(r,p) j2(q,r)n2(q,r) ψ
J1(p) J3(r)
[j1, n1](r,p)
(ωr)ψ
J3(r) J2(q)
[j2, n2](q,r)
(ωq) (3.60)
The OPE between Cardy's boundary operators reads:
ψ
J1(p) J3(r)
[j1, n1](r,p)
(ωr)ψ
J3(r) J2(q)
[j2, n2](q,r)
(ωq) =
∑
j3 n3
|ωr − ωq|H(q,p)−H(r,p)−H(q,r)
Cj3 n3j1 n1 j2 n2 C
J1(p) J3(r) J2(q)
j1 j2 j3
ψ
J1(p) J2(q)
[j3, n3](q,p)
(ωq). (3.61)
The Clebsh-Gordan oeients Cj3 n3j1 n1 j2 n2 ompensate the fat that the LHS
and RHS terms have dierent transformation behavior under the ation of the
horizontal su(2) algebra, while the oeients CJ1(p) J3(r) J2(q)j1 j2 j3 reet the non
trivial dynami on eah trivalent vertex of the ribbon graph.
The inlusion of this last OPE into (3.60) and the Clebsh-Gordan oeients'
unitarity (equation (D.3b)) leave us with:
ψ
[J1,Γ1](p) [J3,Γ3](r)
[j1,m1](r,p)
(ωr)ψ
[J3,Γ3](r) [J2,Γ2](q)
[j′,m′](q,r) (ωq) =∑
j3m
Cj3mj1m1 j2m2 C
J1(p) J3(r)J2(q)
j1 j2 j3
ψ
[J1,Γ1](p) [J2,Γ2](q)
[j1,m1](q,p)
(ωp) (3.62)
We demonstrate that OPE between rotated BIOs is formally equal to OPE
between unrotated BIOs. Thus, on the ribbon graph the non trivial dynami is
given by the fusion among the three representations entering in eah trivalent
vertex.
3.4 The ation of BIOs at the self-dual radius
With the above remarks, we an investigate the properties of the four points
funtions of BIOs exploiting their rossing properties.
First of all let us onsider the natural piture in whih the omputation of
a four points funtion arises. Let us onsider two near trivalent vertexes. Due
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ρ (s)2 ρ2(q)
J (p)1 J (p)1
J2(q)
J2(q)
ρ2(p)
ρ2(r)
J3 (r)J3 (r)
J4(s)
J4(s)
J (p)1 J4(s)ψj1(s,p)
J2(q) J (p)1ψj4(p,q)
J2(q)J3 (r)ψ j3(q,r)
J4(s) J3 (r)ψ j2(r,s)
ρ2(q)ρ (s)2
ρ2(r)
ρ2(p)
J (p)1 J (p)1
J4(s)
J4(s)
J3 (r) J3 (r)
J2(q)
J2(q)
J (p)1 J4(s)ψj1(s,p)
J4(s) J3 (r)ψ j2(r,s)
J2(q) J (p)1ψj4(p,q)
J2(q)J3 (r)ψ j3(q,r)
= F [ ]Σ j4(p,q)j1(s,p) j3(q,r)j2(r,s)
j6(r,p)
j6(r,p) j5(q,s)
Figure 3.4: Four points funtion rossing symmetry
to the variable onnetivity of the triangulation, the two onguration shown
in gure 3.4 are both admissible. The transition from the situation depited in
the lhs and the one in the rhs of the pitorial identity of gure 3.4, orresponds
exatly to the transition between the s-hannel and the t-hannel of the four
point bloks of a single opy of the bulk theory, thus the two fatorization of
the four points funtion 〈ψJ1(p) J4(s)j1(s,p) ψ
J4(s) J3(r)
j2(r,s)
ψ
J3(r) J2(q)
j3(q,r)
ψ
J2(q) J1(p)
j4(p,q)
〉, pitori-
ally represented in 3.4, are related by the bulk rossing matries:
Fj6(s,q) j5(r,p)
[
j4(p, s) j1(q, p)
j3(s, r) j2(r, q)
]
(3.63)
The expliit omputation of the two fatorization leads to the relation:
CJ4(s) J3(r) J2(q)j2(r,s) j3(q,r) j5(q,s) C
J1(p) J4(s) J2(q)
j1(s,p) j5(q,s) j1(s,p)
CJ1(p) J2(q) J1(p)j1(s,p) j1(s,p) 0 =∑
j5(r,p)
Fj6(s,q) j5(r,p)
[
j4(p, s) j1(q, p)
j3(s, r) j2(r, q)
]
×
CJ1(p) J4(s) J3(r)j1(s,p) j2(r,s) j6(r,p) C
J3(r)J2(q) J1(p)
j3(q,r) j4(p,q) j6(p,r)
CJ1(p) J3(r) J1(p)j6(r,p) j6(p,r) 0 , (3.64)
i.e. the usual BCFT sewing relation among boundary operators' OPEs.
This omplete our analysis of the onformal properties of the full theory
arising by glueing together the BCFTs dened over eah ylindrial ends: with
the above onstrution, BIOs play exatly the role usual boundary operators
play in BCFT.
This analogy allows us to apply to BIOs all boundary operators properties.
In partiular, we an identify their OPE oeients with the fusion matries
(3.63) with the following entries assignation:
CJ1(p) J2(q) J3(s)j1(s,p) j2(r,s) j3(q,r) = FJ2(q) j3(q,r)
[
J1(p) J3(s)
j1(s, p) j2(r, s)
]
(3.65)
Relation (3.65), obtained rst in [92℄ for the A-series minimal models ex-
ploiting the fat that both the primary and boundary onditions labels fall in
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the same set, has been extended to all minimal models and extended rational
onformal eld theories in [83℄ and [93℄ notiing the full analogy between the
equation (3.64) and the pentagon identity for the fusing matries.
Aording to [94℄, WZW-models fusion matries oinide with the 6j-symbols
of the orresponding quantum group with deformation parameter given by the
(k + h∨)-th root of the identity, where k and h∨ are respetively the level and
the dual Coxeter number of the extended algebra. Thus, with k = 1 and h∨ = 2,
the OPEs oeients are the SU(2)
Q= e
2
3
pii 6j-symbols:
CJ1(p) J2(q) J3(s)j1(s,p) j2(r,s) j3(q,r) =
{
j1(s, p) J1(p) J2(q)
J3(s) j2(r, s) j3(q, r)
}
Q= e
2
3
pii
(3.66)
3.5 Open string amplitude on a RRT
With the omputation of OPE's oeients we have all the building bloks to
onstrut an open string amplitude on the domain dened by the open Riemann
surfae M∂ .
As rst step, let us extend results of the previous setion to higher di-
mensional target spaes. To this end, let us onsider D salar elds Xα, α =
1, . . . , D whih, as stated in (2.1), wind να times around the homology yles
of the ompat target spae manifold. Let us indiate with Eαβ = Gαβ + Bαβ
the bakground matrix on the ompat target spae manifold, where G is the
metri and B the Kalb-Ramond eld. The entral harge of the model is c = D.
Let us nd out whih is the moduli spae of inequivalent ompatiations.
This an be ahieved by onsidering the torus partition funtion of the model:
it fatorizes into the produt of ontributions of eah ompat diretion:
ZTd =
1
|η(τ)|2
∑
ΓD,D
q
p2L
4 q
p2R
4
(3.67)
Asking for modular invariane let the total momentum pˆ = ( pLpR ) take values
into a self-dual, even-integer, Lorentzian lattie ΓD,D[95℄. The spae of suh
inequivalent latties is loally isomorphi to:
M = O(d, d,Z)\O(d, d)/[O(d) ×O(d)], (3.68)
whih thus is the moduli spae of inequivalent toroidal ompatiations in a
D dimensional targer spae[96, 95℄. The dierent orbits in this moduli spae
give rise to dierent theories in whih the fundamental U(1)L × U(1)R urrent
symmetry an be enhaned to dierent symmetry groups of rank at least D.
This group plays the role of gauge group in the target spae. Our hoie is to
ompatify eah diretion at the self dual radius, beause this allow to exploit
the previous onstrution and dene a oherent gluing of the onformal theory
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along the ribbon graph. This means to hoie a spei orbit into (3.68), i.e. to
x denitively the target spae modular struture. Moreover, the bakground
gauge group oming from the losed string setor dened on the ylindrial
ends is [SU(2)L × SU(2)R]D. On the ontrary, we ould hoose not to x the
ompatiation radius as the self-dual one. This would give us more freedom
in hoosing the target spae modular and metrial struture, and onsequently
the enhaned symmetry group. However, in doing so we an loose information
about the dynami of the theory on the ribbon graph, beause, with the exep-
tion of some partiular ases whih we will introdue in the following hapter,
ombinatorial fator of BIOs would be dened only as a formal map.
Thus, let us onsider eah diretion ompatied at the self dual radius. The
amplitude on eah ∆∗ε(p) will reeive a ontribution from every diretion:
A∆∗ε(p) =
1
2
D
2
[
η
(
e−5
4pi
θ(p)
)]D D∏
α=1
∑
j(p)=0, 12
cos (8πj(p)λα(p))e−
4pi
θ(p)
j(p)2
(3.69)
Moreover, Boundary Insertion Operators are primaries of the onformal the-
ory, thus they also fatorize into the ontribution of eah diretion. This means
that the full boundary theory fatorizes into the ontribution of eah ompat
diretion. In this onnetion, we an exploit a onstrution introdued in [67℄,
whih, exploiting a edge vertex fatorization of the most general orrelator we
an write on the ribbon graph, allows to write the ontribution to the amplitude
from eah ompat diretion as:
Z(|PTl |) =(
1√
2
)N0(T ) ∑
{jp∈ 12Z+}
∑
{j(r,p)}
N2(T )∏
{ρ0(p,q,r)}
{
j(r,p) jp jr
jq j(q,r) j(p,q)
}
Q=e
pi
3
i
×
×
N1(T )∏
{ρ1(p,r)}
(
b
jpjr
j(r,p)
)2
L(p, r)
−2Hj(r,p)
(3.70)
Colleting the ontribution of eah diretion and applying this results on the
N(0) hannels dened by (3.69) we nally have:
Z(|PTl |, D) =
1
2
DN0(T )
2
D∏
α=1
 ∑
{jp∈ 12Z+}
∑
{j(r,p)}
N2(T )∏
{ρ0(p,q,r)}
{
j(r,p) jp jr
jq j(q,r) j(p,q)
}
Q=e
pi
3
i
×
×
N1(T )∏
{ρ1(p,r)}
(
b
jpjr
j(r,p)
)2
L(p, r)
−2Hj(r,p) cos(8πjpλ(i))
e−
4pi
θ(i)
j2p
η(e−5
4pi
θ(i) )

(α)
(3.71)
where the subsript (α) indiates the ontribution of the α-th diretion.
Chapter 4
Inlusion of Open String
gauge degrees of freedom: a
proposal
A neessary step to rephrase our model in a gauge/gravity orrespondene on-
netion would be to inlude open string gauge degrees of freedom (propagating)
along the boundaries of M∂ . As a matter of fat the model we built in previous
hapters presents an SU(2) gauge symmetry at spaetime level. However, this
symmetry is due to the partiular geometry of the system, and it does not allow
to dene an appropriate gauge oloring neither of the ribbon graph underlying
the triangulation, nor of the boundary omponents. Thus, it seems more ap-
propriate to follow usual tehniques in open string theory, where a non Abelian
gauge theory an be naturally inluded into an open string model by a suitable
assignation of non-Abelian Chan Paton fators at the open string endpoints [97℄.
This will dene some modiations in our model. First of all, vertex algebra
operators (and onsequently BIOs) will be valued in the assoiated Lie algebra,
thus ribbon graph amplitudes will be weighted by an appropriate group fator.
The natural onsequene will be the oupling of the onformal eld theory on
eah ylindrial end with a bakground gauge eld. In this onnetion, we will
show that we an rephrase the arising of a target spae non-Abelian gauge sym-
metry whih arise with this proess with a hange in the bakground matrix, i.e.
the proess is equivalent to move to another point of moduli spae of toroidal
ompatiations given in (3.68). Aording to [96, 90℄, when the hosen bak-
ground is a xed point under the extended D-dimensional T-duality group, the
annulus BCFT is equivalent to a gk=1 WZW model, where gk=1 is a level-one
untwisted ane Lie algebra assoiated to a semisimple produt of simply laed
Lie algebras of total rank D.
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In the last setion, we will try to understand how to extend the gluing
tehnique desribed in the previous hapters to the urrent situation.
Conventions about U(N) algebra
Let us represent U(N) ∼ SU(N) × U(1). Thus we an hoose a base of U(N)
generators as:
• The olletion of SU(N) generators:
T a a = 1, . . . , N2 − 1 (4.1)
satisfying the traeless ondition Tr(T a) = 0.
• T 0 = CI, where C is arbitrary onstant.
Let us impose the following normalization ondition:
Tr(T a T b) =
1
2
δab. (4.2)
Equation (4.2) xes C = 1√
2N
.
The ompleteness relation for generators reads:
(T a)ij (T
b)kl =
1
2
δil δ
k
j
a = 1, . . . , N2 − 1
i, j, k, l = 1, . . . , N
(4.3)
The U(N) algebra is dened by:[
T a , T b
]
= i fabc T c =⇒ fabc = 2
i
Tr
([
T a , T b
]
T c
)
(4.4a){
T a , T b
}
= dabc T c =⇒ dabc = 2Tr ({T a , T b} T c) (4.4b)
where fabc (resp. dabc) are the antisymmetri (resp. symmetri) struture
onstants.
With the above onventions, a rapid omputation shows:∑
b c
fabc fdbc = N (δad − δa0 δd0) (4.5a)∑
b c
dabc ddbc = N (δad + δa0 δd0) (4.5b)
4.1 Chan-Paton fators on a RRT
Chan-Paton fators are non-dynamial degrees of freedom whih an be added
to open string endpoints. To show in a few words how it works, let us onsider an
open string worldsheet (let us remember that the ylindrial ends∆∗ε(k) is an one
loop open string worldsheet) with Neumann boundary onditions on eah end,
and let us suppose there is a quark q at one end of the string, ans an antiquark
Chan-Paton fators on a RRT 85
q¯ at the other end, where qi, q¯i = 1, . . . , N are N -valued labels assoiated to the
some representations of a gauge group G. Equations of motions for qi simply
require they to be independent from the oordinate parametrizing the boundary,
thus they an be interpreted as harged, onserved under translations along
the boundary. The target spae ation automatially has SO(N) symmetry
when the harges are real and SO(2N) when they are omplex. As a result,
quantization produes an assoiated Hilbert spae of states on whih a spinor
representation of respetively SO(N) or SO(2N) ats. To restrit to a subgroup
of these two groups, (i.e.to a subrepresentation on whih they at) it is neessary
to redue the Hilbert spae. This an be ahieved introduing a Lagrangian
multiplier in the ation. Unitarity of amplitudes atually restrits the admissible
Lie algebras assoiated to suh terms to belong to the lassial series, thus
admissible assoiated groups are U(N) , SO(N) or Sp(N).
Let us restrit to G = U(N), with qi in the dening representation N .
Quantization of qi generates N onserved harges attahed to the propagating
endpoints. The string for U(N) should be oriented, sine the harges at both
ends of the string transform under inequivalent representations of the gauge
group. The full string states now transform under the N ⊗ N representation,
namely the adjoint of U(N). Thus, the generators T a, a = 1, . . . , dimU(N) =
N2 labels the string states belonging to the N ×N representation. The matrix
elements (T a)ij speify whih harges q
i
and qj are reated at strings endpoints.
The Fok spae built over eah ground state |0, k; ij〉 is now given byHk⊗N⊗N .
For G = U(N), N ⊗N transforms in the adjoint representation, thus mass-
less open string states are natural andidates for Yang-Mills vetor bosons with
gauge group U(N). The same onstrution might have been done for qi in an-
other representations of U(N), but, in these ases, string states would have not
rotated in the adjoint representation of the group, letting the above interpre-
tation fail. Thus, the dening representation is singled out by its relevane in
view of Yang-Mills partile interpretation of string states.
The string for SO(N) or Sp(N) should be unoriented, sine harges at both
ends transform under the same representation of the group. If we onsider f to
be the dening representation of SO(N), we obtain string states in the adjoint
of SO(N) onsidering the only the antisymmetri part of the tensor produt
of the two representation, namely (f ⊗ f)A. On the other hand we obtain the
string states in the adjoint of Sp(N) by the symmetrized produt of its dening
representation with itself. In eah ase we reover exatly the the string states
suitable for the Yang-Mills partiles interpretation.
The eet of a general bakground gauge eld is aounted for by inluding,
for eah boundary of the Polyakov path integral, a Wilson line term TrP exp(−SA),
where SA represents a boundary ondensate of photon vertexes:
SA =
∫
dτ Aα ∂τX
α
(4.6)
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Figure 4.1: The ribbon graph assoiated to the open surfae dual to three-
puntured sphere
Preservation of onformal invariane impose the assoiate β-funtions to
vanish. Equation βA = 0 redue, to the leading order in the σ-model expansion,
to the Yang-Mills equation.
In our onnetion, let us suppose that eah ylindrial end's open string is
deored with a suitable assignation of Chan Paton fators. Thus, we an repeat
the previous onstrution for the theory dened over eah ylindrial end. Let
us assign to eah open string running one loop a suitable deoration. In this
way, eah vertex operator of the open string spetrum will get as a prefator a
U(N) generator.
Now let us think to glue together the various ylindrial ends along the
pattern dened by the ribbon graph. Some onsiderations naturally arise. Let
us look again at gure 3.1 on page 62: sine the two open string worldsheet
boundaries whih get glued along one edge of the ribbon graph pattern have
opposite orientation, it seems natural to let the assoiated quarks to fall into
opposite representations of the gauge group. The same holds for eah edge of
the ribbon graph, whih thus aquire a well dened gauge oloring. Thus, we
an think to the ribbon graph underling the triangulation as a sort of image of
the gauge oloring of the boundaries of the surfae ∂M .
About the spetrum, we an think to dene the gluing proess one again
introduing a unique spetra of the ommon boundary theory: the (p, q) open
string will be desribe by a unique objet being got by a sort of fusion proess of
the Chan-Paton fators of the original strings and whih retains the open string
data assoiated to the the free ends of the open unglued strings. However,
sine the fat that string states rotate into the adjoint representation of the
gauge group is fundamental to their limiting desription as partiles, we want
an objet obtained by the produt of the two original Chan-Paton fators and
belonging to the original algebra. The only produts obeying this onstraint
are the symmetri and antisymmetri produts of generators, thus eah BIO
belonging to the (p, q) BCFT spetrum will be deored by a U(N) generator T ail
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denes as:
T ail(p, q) = f
abc
[
T bij(p) , T
c
jl(q)
]
+ dabc
{
T bij(p) , T
c
jl(q)
}
(4.7)
Denoting the onformal struture of BIOs in formula (3.52) with a olletive
index Ξ(p, q), non-Abelian BIOs will be ψaΞ(p,q) = T
aψΞ(p,q). As a onsequene,
two and three-point funtions of BIOs get a prefator given by a trae of gen-
erators.
Let us notie that the above onstrution allows to reissue the desription of
the open string gauge data transmitting all the informations on the assoiated
ribbon graph. Naively speaking, to eah gauge oloring of ∂M boundaries we an
uniquely assoiate a gauge oloring of the underlying ribbon graph displaying
the U(N) harges left after the gluing proedure from the outer to the inner
boundary of eah ylindrial end (see g. 4.1).
In this onnetion, it is easy to understand that only the two points funtion
between opposite direted BIOs (in the sense dened in appendix B) makes
sense. In this ase, the two point funtion will be simply weighted by the U(N)
generators normalization onstant. The modied BIOs' algebra an be easily
retrieved by (anti)symmetrizing the produt of generators:
ψaΞ1(r,p)(ωr)ψ
b
Ξ2(q,r)
(ωq) ∼ 1
2
∑
Ξ3, c
|ωr − ωq|H(q,p)−H(r,p)−H(q,r)×
(
ifabc + dabc
)
C(Ξ1(r, p),Ξ2(p, q),Ξ3(q, r))ψ
c
Ξ3(q,p)
(ωq), (4.8)
Thus, three-point funtions will be deored by the sum of the antisymmetri
plus symmetri struture onstants.
4.2 Rephrasing the geometrial data of the tri-
angulation in term of string quantities
The overall piture we are dealing with sees a stak of N oinident D-p-branes
winding around some (or all) of yles of the toroidal bakground. In this on-
netion, we are onsidering ylindrial ends as one-loop open string worldsheets.
As prototype piture, we an onsider the rst drawing in g. 4.2. Red irles
are the worldvolumes of N oinident D-0-branes, while the green strip is the
pitorial representation of a ylindrial ends injeted by the maps X and Y on
the two dimensional torus. In partiular, looking at the ylindrial end as a one
loop open string worldsheet, the assoiated open string winds one time around
the X diretion, while it does not wind around Y . Thus, the injetion maps are
haraterized by the following values of winding numbers and enter of mass
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Figure 4.2: A ylindrial end winding in a two dimensional bakground
momentum:
µX(O) = 0 ν
X
(O) = 1 (4.9a)
µY(O) = 1 ν
X
(O) = 0 (4.9b)
Performing a worldsheet-duality transformation, thus looking at the losed
string whih is emitted by the brane and it is reabsorbed after having run
around the X diretion one, atually we exhange the role of total momentum
and winding, thus the Hilbert spae states are haraterized by the following
values of quantum numbers:
µX(C) = 1 ν
X
(C) = 0 (4.10a)
µY(C) = 0 ν
X
(C) = 1 (4.10b)
In this onnetion, omputation of the target spae spetrum shows that,
when we onsider an open string whose endpoint lay on a D-p-brane, the bak-
ground elds depends only upon oordinates on the brane world-volume (i.e.
on oordinate ξµ, µ = 0, . . . p parametrizing the brane embedding in the tar-
get spae). Moreover, massless states vertex operators spaetime omponents
atually divide in two set: those of the rst set are omponents of a Yang-Mills
eld living on the D-p-brane world-volume, with p + 1 omponents tangent to
the hyperplane, Ai(ξµ), µ, i = 0, . . . , p, while the others φm(ξµ) = φmb T
b
are
N × N matries, whose entries are salars eld from the brane world volume
point of view. They desribe the spei shape of the brane in the target spae.
In ordinary (bosoni) string theory, D-branes are dynami objets, and suh
that, they must be able to respond to the values of the various bakground
elds in the theory. This is obvious if one onsider that atually brane's loa-
tion and shape is ontrolled by the various open strings ending on them, and
whih indeed interat with bakground elds. A world-volume ation desribing
this dynami has been derived exploiting T -duality in target spae (for a om-
prehensive review, see [95℄, hapter 5). If we onsider a D-p-brane in ordinary
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D-dimensional open bosoni string theory, it turns out to be, in the Abelian
ase,
Sp = −Tp
∫
dp+1ξ ǫ−Φ det
1
2 [Gij + Bij + 2πα
′Fij ] (4.11)
In equation 4.11, Gij and Bij are the pull-bak of bakground elds to the
brane, α′ is the Regge slope and Tp is the D-brane tension dened as:
Tp =
√
π
16κ0
(4π2α′)
11−p
2
(4.12)
The non-Abelian ase is quite more subtle, beause the various bakground
elds typially depends on the transverse oordinates, whih, as stated before,
are atually matrix valued in the gauge algebra. Thus, introdution of non-
Abelian quantities, implies to perform a trae on the integrand, in order to
get a gauge invariant objet as ation. It has been shown that onsidering
the symmetrized trae over the gauge indexes, we get a result onsistent with
various studies of both sattering amplitudes and non-Abelian soliton solutions
(see [95℄, setion 5.5, and referenes therein). Thus, aording to these remark,
it has been shown that the worldvolume ation assoiated to N oinident D-p-
branes is:
Sp = −Tp
∫
dp+1ξ STr
{
det
1
2
[
EijEim(Q
−1 − δ)mnEnj
+2 π α′ Fij ] det
1
2 [Qnm]
}
(4.13)
where E is the bakground matrix introdued in (2.28), and Qnm = δ
n
m +
i2πα′ [φn, φp]Epm.
If we expand this Lagrangian to the seond order in the gauge eld, and
noting that
det[Qnm] = 1 −
(2 π α′)2
4
[φn, φm] [φn, φm] + . . . (4.14)
we an write the leading order of ation (4.13) as
Sp = −Tp(2 π α
′)2
4
∫
dp+1ξ e−Φ Tr
[
FabF
ab + 2DaφmDaφm + [φm, φn]2
]
.
(4.15)
This is exatly the dimensional redution of a D-dimensional Yang-Mills La-
grangian, displaying the non trivial salar potential involving ommutator for
the adjoint salars. This expansion allows to write the (p + 1)-dimensional
Yang-Mills oupling for the theory on the brane:
g2YM,p = gsT
−1
p (2 π α
′)−2 (4.16)
where gs = e
Φ
is the usual worldsheet string oupling.
Let us turn to the Polyakov string dened on eah ylindrial end via the
ation in (2.29). We an easily rewrite it in a stringy shape by introduing
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Figure 4.3: Some simple ongurations with three ylindrial ends winding in a
two dimensional at toroidal bakground
dimensionful oordinates via the mappingXα(ζ(k), ζ¯(k))→ l(k)2 Xα(ζ(k), ζ¯(k)).
Polyakov ation beomes:
S(k) =
1
2πl(k)2
∫
dζ(k) dζ¯(k) ∂ Xα ∂X¯α (4.17)
thus suggesting the parameter l2(k) to play a role analogue to that of the Regge
slope in the disrete (k)-setor. However, from a lassial point of view, sine
the above analogy has been derived from a xed triangulation of the worldsheet,
we are not able to assoiate it a real physial meaning. Moreover, if we onsider
the olletion of all the disrete setors, the above identiation seems to lead
to a strange non-sense. As a matter of fat, if we onsider the full surfae M∂ ,
we deal with ylindrial ends having their inner boundaries glued together along
the pattern dened by the ribbon graph, while outer ones lay on (at least) one
stak of N tiled D-branes.
In partiular, let us assume exatly the situation depited in g. 4.3. We
are onsidering again the open surfae dual to the three-puntured sphere and
whih has been skethed in g. 4.1. In the left drawing eah string has zero
winding number in both diretion, while, in the right one, eah sting winds
one around X and does not wind around Y . Moreover, let us assume that the
outer boundaries of eah ylindrial end lays on the same stak of D-branes.
Aording to the above remarks about the role played by the parameter l(k),
it may seems strange that eah opy of the model, eah being dened over
one ylindrial end, has assoiated an independent value of the α′-analogue
parameter. It may seem meaningless espeially if we onsider the ylindrial
ends boundaries laying on the same D-brane, whose tension is dened in term
of α′ via the relation (4.12).
An elegant solution of this puzzle an be ahieved if we onsider the problem
from a quantisti point of view: the onstrution of the partition funtion
for the bosoni string involve a sum over all possible ongurations i.e. over
all possible ribbon graphs. In this framework learly we are onsidering an
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average over all possible parimeters assoiated to the triangulation, and thus
the Regge slope analogue is not a xed value assoiated to eah ylindrial end
but it arises as a statistial average over all possible ongurations. A furhter
development arise if we performthe ontinuous limit of suh a disrete model.
For disrete planar surfaes this is usually performed as limit in whih the
lengths of boundary omponents go to innity, while a suitable uto a goes to
zero, in order to maintain the produt L(k)a nite. Thus, if we identify on eah
ylindrial end the (statistial average) of the harateristi length l(k) with:
l(k) =
√
L(k) a (4.18)
and we perform the ontinuum limit requiring that all the (statistial averages)
of nite values of the above produts onverge to a given value, we an atually
interpret suh a result as an analogue of the Regge slope whih, aording to
relation (4.12), determine the tension of the brane naturally inluded in our
model.
Moreover, this denes a preise map between the geometrial data assoiated
to the triangulation and string quantities.
4.3 Coupling with bakground gauge potential:
extending the gluing proedure
Let us onsider a D-dimensional bakground, in whih eah diretion Xα,
α = 0, . . . , D − 1 is ompatied at the T-duality self dual radius Ωα = √2.
As explained in the last hapter, the theory in eah diretion deouples and the
model present a (SU(2)L × SU(2)R)D gauge symmetry. In eah diretion we
an apply previous hapter's onstrutions. Thus, let us onsider the k-th ylin-
drial end, ∆∗ε(k), and let us interpret it as worldsheet assoiated to one-loop
open string diagram. Consistently with the gluing proess, let us assume the
injetion maps (target spae oordinates) to obey to simple Neumann boundary
onditions on the inner boundary. On the other hand, on the outer boundary,
let us assume to have p+1 diretions satisfying Neumann boundary onditions
and D − p− 1 diretions obeying Dirihlet's ones:
{Xα} .= {X i, Xm} ,with i = 0, . . . , p, m = p+ 1, . . . , D − 1 (4.19)
Aording to formulae (3.36) and (3.43), these an be haraterized by:
Neumann diretions :
(‖N(0)(k)〉〉sd, I) (4.20)
Dirihlet diretions :
(
‖N(0)(k)〉〉sd, e−iπJ
1
0 (k)
)
(4.21)
In partiular, with the above hoie, we are dealing with a D-p-brane laying
along theX0, . . . , Xp diretions, thus, if we introdue the D-brane world-volume
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parameters ξ0, . . . , ξp, we have hosen to parametrize the brane world-volume
with ξ0 = X0, ξ1 = X1, . . . , ξp = Xp.
As desribed in the previous setion, in order to endow the brane with an
interesting dynami, we have to ouple the model to a bakground gauge eld
living on its worldvolume: this an be worked out introduing non hiral truly
marginal deformation dened by the following boundary ation ([98, 99℄):
SA =
∫
dτ
[
p∑
i=0
Ai(X
i)∂τX
i +
D−1∑
m=p+1
φm(X
i)∂σX
m
]
, (4.22)
where we have taken the boundary to lay at onstant σ. The Ai = A
a
i T
a
are
Lie algebra valued gauge elds on the D-brane, while the entries of the N ×N
matries φm = φ
a
mT
a
are salar from the world volume point of view: they
desribe the motion of the brane in the transverse spae. Suh a boundary term
will at as a non hiral deformation of the original quantum model by means of
a truly marginal operator.
For the sake of simpliity, let us assume the brane stati in the transverse
spae imposing φm = 0N×N ∀m = p + 1 . . .D − 1. Moreover, let us onsider
onstant eletri and magneti elds along the brane worldvolume, so that the
boundary term reads:
SA = Fij
∫
dτXj∂τX
i. (4.23)
Let us move to the Abelian subsetor. Suh a limiting situation an be
ahieved inluding in eah Neumann diretion of the T-dual theory a Wilson
line Ai =
diag{θ1, ..., θN}
Ωi
whih breaks U(N) to U(1)N . At spaetime level, the
global eet will be a displaement of the position of the N D-branes. Thus,
now we are dealing with N separated D-branes, and we an assume that open
strings generating the ylindrial ends have their outer endpoint attahed over
dierent brane.
Thus, in eah (k)-subsetor, we an ouple the open string with a dierent
eletromagneti potential Ai(k), allowing the boundary term to have a simple
losed string interpretation. As a matter of fat, the Lagrangian in (4.23) is
the integral of a total derivative, thus, after a short omputation, SA an be
rewritten as:
SA(k) = Fij(k)
∫
dζ(k)dζ¯(k)∂X i(k) ∂¯X¯j(k). (4.24)
Comparing last formula with formula (2.27), we an state that, in the Abelian
subsetor, the inlusion of suh a boundary term is equivalent to moving to a
dierent point in at toroidal bakground moduli spae (see formula (3.68)):
Cong. A Cong. B
Gαβ = ID×D Gαβ = ID×D
Bαβ = 0 ∀α, β ⇐⇒ Bαβ = 4πΛαβ
Fαβ = Λαβ Fαβ = 0 ∀α, β
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On this wise, we an diretly hoose a peuliar at toroidal bakground,
with assoiated suitable values of the bakground matrix E entries (see formula
(2.28)), and rephrase the B-eld dependene in term of a gauge eld strength
assoiated to a potential living on the D-brane world-volume.
As explained in the previous hapter, the full moduli spae of at toroidal
bakgrounds is parametrized by the oset spae:
O(D,D,Z) /O(D,D,R) \O(D) ×O(D). (4.25)
In the previous formula O(D,D,Z) is the generalized T-duality group.
Thus, higher dimensional toroidal ompatiations are desribed by non-
trivial bakground elds B and G and, in suh a given bakground, the maxi-
mally enhaned symmetry points are those xed under the ation of O(D,D,Z),
whih elements are generated by a ombination of:
• a onjugations with a matrix M ∈ SL(d,Z);
• an integer shift of B by means of antisymmetri, integer valued, matrix Θ;
i.e. the rotated bakground matrix will be
E′ = M t (E +Θ)M (4.26)
In those speial points of the moduli spae in whih E′ = E, we an obtain
extended target spae symmetries with respet to semi-simple produts of simply
laed Lie algebras (thus belonging to the A-D-E deomposition) of total rank
D.
In partiular, the maximally enhaned symmetry bakground an be hosen
in the following way[96℄. If Cαβ , α, β = 1, . . . , D, is the Cartan matrix of the
simply laed Lie algebra of total rank D, then the bakground elds are hosen
as:
Gαβ =
1
2
Cαβ (4.27a)
Bαβ = Gαβ ∀α > β Bαβ = −Gαβ ∀α < β Bαα = 0 ∀α (4.27b)
With these hoies, the bakground matrix E = G+B is an element of SL(d, Z),
thus it is xed under the ation of O(D,D,Z).
Let us onsider, as an example, an O(D,D,Z) transformation generated by
M = E−1 and Θ = E†+E. The duality map states (4.26) tells: E′ = E−1 and,
if G = ID×D and B = 0D×D, this is exatly the ase of (SU(2)L × SU(2)R)D.
With the above hoie of stati gauge, this is exatly the situation for the
D − p− 1 Dirihlet diretions. Thus, the extended symmetry group assoiated
to the ation (4.24) will be:
GD = (Gp+1 ×Gp+1) × (SU(2)L × SU(2)R)D−p−1 (4.28)
94 Inlusion of Open String gauge degrees of freedom
4.3.1 Chiral urrents and boundary states
As we did for one ompatied boson at the self dual radius, the level-one un-
twisted Ka-Moody algebra arising in this onnetion an be represented in term
of the bosoni oordinate by means of the usual vertex operators onstrution[80℄.
In the ylinder transverse hannel (i.e. in terms of oordinate ζ(k) and ζ¯(k)
on the k-th ylindrial end), the left moving and right-moving urrents are,
respetively (let us omit the polytopal index k)
Hα(ζ) = ∂ Xα, Eλ(ζ) = c(λ) :eiλαX
α
: (4.29a)
H
α
(ζ¯) = Mαβ ∂¯ X¯
β, E
λ
(ζ¯) = −c¯(λ) :eiλαMαβ X¯β : . (4.29b)
Here Hα(ζ) and H
α
(ζ¯) denotes the elements in the Cartan subalgebra of
gDk=1, while {λ} is the set of roots (positive plus negative) of the assoiated
semi-simple produt of Lie algebras. The objets c(λ) and c¯(λ) are Z2 values
oyles. They are operators ating on the Fok spaes, and they depend only
upon the momentum part of the free-boson zero modes. Their inlusion let the
ombinations of the above urrents, JαL (ζ), to satisfy the orret OPE:
Ja(ζ)Jb(ζ′) ∼ δ
ab
(ζ − ζ′)2 +
∑
c
i fabc
Jc(ζ′)
ζ − ζ′ (4.30)
If we introdue the Laurent expansion, Ja(ζ) =
∑
n∈Z ζ
−n−1Jan , we get the
ommutation relation for the ane algebra gDk=1:[
Jam , J
b
n
]
=
∑
c
i fabc Jcm+n + mδ
ab δm+n, 0. (4.31)
Obviously, the same holds for the antiholomorphi setor.
Limiting to the trivial automorphism in equation (2.15), we get the following
onstraints on the boundary states:(
Jan + J
a
−n
)
‖B〉〉 (4.32)
Vertex operators for the losed string massless vetor states are the D-
dimensional extensions of formula (3.31):
V aαP = J
a(ζ)∂¯X¯α(ζ¯)eiP ·X(ζ)+X¯(ζ¯) (4.33)
V¯ aαP = J¯
a(ζ¯)∂Xα(ζ)eiP ·X(ζ)+X¯(ζ¯) (4.34)
where P = pL + pR is the total enter of mass momentum of the losed string.
One again, vertex operators for new open string salar states attahed to the
boundaries |ζ| = 1, |ζ| = 2π2π−ε(k) an be written, in the losed string hannel,
as:
SaP = J
a(x)eiPX(x), (4.35)
where, as usual, we have parametrized the boundary with x
.
= ℜz(k, ◦)[ζ(k)].
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4.3.2 Gluing along the Ribbon Graph: a proposal
The ourrene of extra massless boundary operators (4.35) at the enhaned
symmetry point an be obviously rephrased as the arising of new truly-marginal
perturbing boundary operators, whih give rise to the enhaned symmetry also
in the open string spetrum. Suh operators ame assoiates with perturbing
terms in the ation of the form:
S′g =
∫
dx
(∑
λ
gλ e
iλαX
α
+
∑
α
gα∂xX
α
)
||ζ(k)|=1, (4.36)
where (gλ, gα) are real oupling onstant, whih give rise to the enhaned sym-
metry in the open setor when λi takes speial values. In [100℄ it was shown
that these partiular values arise when we an dene a set of vetors:
λˆα = (δ
α
β +M
α
β )λ
β
(4.37)
(where M = G+BG−B ), suh that the λˆ are roots of the simply-laed algebra gD.
Aording to deformation rules of previous hapter, this lead to a modied
gluing ondition on the boundary:
Ja(ζ) = γgaJ¯a0 (J¯
a)(ζ¯), (4.38)
while the eet on the boundary state is a rotation with respet to the left-
moving zero modes of the urrents:
‖B〉〉g = egλˆEλˆ0+gαHα0 ‖B〉〉g =⇒ ‖B〉〉g = e
∑
a gaJ
a
0 ‖B〉〉 (4.39)
This onstrution, perfetly equivalent to the one arising when we deal with
only one injetion map, allows us to make a onrete hypothesis about the
possible parametrization of boundary states in this higher dimensional model. If
we are able to identify a generating boundary state ‖B0〉〉 equivalent to ‖N(0)〉〉sd,
we an hypothesize to identify Cardy's boundary states assoiated to the level
one gD WZW-model with the deformations of ‖B0〉〉 with entral elements of the
group G. One proved this statement, we ould apply the same onstrution of
previous hapters to write an open string amplitude over ∂M , with the partiular
hoie of bakground elds in eah ylindrial end given by (4.27).
If we onsider the simpler ase of G being a simple Lie group, strong in-
diations of the above ome if we notie that the number of elements of the
(disrete) enter of G, B(G), oinide with the number of level one modules
assoiated to the (simply-laed) simple Lie algebra gD. Moreover the enter of
the group is isomorphi to the group of outer automorphisms assoiated to the
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ane simply laed Lie algebra gˆD
1
:
O(gˆD) = B(G). (4.41)
Remembering that O(gˆD) maps the set of dominant weights whih label the
irreduible representations of the ane algebra, this suggests the possibility to
generate the full set of Cardy boundary states assoiated to the (level one) gˆD
WZWmodel via the ation of elements ofB(G) on the boundary state assoiated
to the identity element of G.
4.4 Conlusions and perspetives
In spirit of understanding the (mathematial and physial) origins of open/losed
string dualities, in previous setions we have investigated some aspets of ou-
pling of a bosoni string theory with the peuliar geometry arising when we
uniformize the singular Eulidean struture naturally assoiated with the Regge
polytope baryentrially dual to a Random Regge Triangulation.
The worldsheet proess guiding the holes glueing has been made preise only
at a topologial level, while in the more ompliated AdS/CFT framework we
are still far from understanding the origin of suh a behavior pattern.
In this sense, a remarkable hint has been reently given by Gopakumar, who
intuited that suh a proess must take plae as a hange of variable at level of
integrand in the sum over moduli spae parametrizing the free eld N = 4 SYM
orrelators[63℄ and suggested a onrete way of assoiating a losed Riemann
surfae to a gauge theory orrelator. However, the argument introdued by
Gopakumar is quite general, sine up to now it has been applied only to the free
eld theory setor, thus leaving open the question about a possible appliation
to interating theories.
In this onnetion, it is straightforward to notie that the key objet is rep-
resented by the underlying geometrial struture, namely the skeleton graph
naturally assoiated to gauge orrelator and whih an be onsidered as dual to
a triangulation of the Riemann surfae dening the losed string worldsheet. In
this onnetion, in view of the two dual uniformizations of the Eulidean stru-
ture naturally assoiated to a RRT and introdued in [61, 60℄ whih provide
a onrete algorithm to swith from an open to a losed Riemann surfae, it
seems that a better understanding of the interplay between geometrial quan-
tities assoiated to a disrete realization of the worldsheet and the analyti
1
As a matter of fat, the relation between O(gˆD) and B(G) is even stronger beause if we
onsider an element A ∈ O(gˆD), we an dene the assoiated element b ∈ B(G) as the Sext
dual to A:
b = Sext† ASext (4.40)
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quantities of string theory, may provide a key step towards the understanding
of mathematial aspets of string dualities.
The main goal of previous setion has been the desription of a very reli-
able way of oupling an ordinary bosoni open string theory with the disrete
geometry dened by the uniformization of M∂ . In partiular, exploiting BCFT
tehniques, we have been able to furnish a onrete proposal about how to in-
lude open string gauge degrees of freedom in our model. Not less important, we
have been able to dene a natural interplay between the geometrial quantities
parametrizing the uniformization dened over M∂ and the Regge slope α
′
.
Wide investigation areas are still open. The inlusion of open string gauge
degrees of freedom itself is not ompletely xed. In the abelian ase the state-
ment skethed at the end of setion 4.3.2 needs some further investigations.
Moreover, nevertheless the nie piture presented in setion 4.2, the extension
of the above proposal to the non-Abelian ase is quite far from being understood.
Furthermore, a very interesting point to address would be investigating the
possible extending of the above glueing proedure to minimal string theories[101,
102℄, whih, despite of their simpliity, they are interesting laboratories for the
study of string theories.
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Part II
Cosmologial bakgrounds
of superstring theory:
oxidation and branes
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Chapter 5
Geodesi on maximally non
ompat osets U/H and
dierential equations
We have realled how both maximally extended supergravities (of type A and
B) redue, stepping down from D = 10 to D = 3 to the following non linear
sigma model oupled to D = 3 gravity:
Lσ−model =
√
−det g [ 2R[g] + 12 hIJ (φ) ∂µφI∂νφJ gµν] (5.1)
where hIJ , I, J = 1, . . . , 128, is the metri of the 128-dimensional homoge-
neous oset manifold
M128 =
E8(8)
SO(16)
(5.2)
The above manifold falls in the general ategory of manifolds U/H suh
that U (the Lie algebra of U) is the maximally non-ompat real setion of a
simple Lie algebra UC and the subgroup H is generated by the maximal ompat
subalgebra H ⊂ U. In this ase the solvable Lie algebra desription of the target
manifold U/H is universal. The manifold U/H is isometrial to the solvable
group manifold:
Md = exp [Solv (U/H) ] (5.3)
where the solvable algebra Solv (U/H) is spanned by all the Cartan generators
Hi and by the step operators Eα assoiated with all positive roots α > 0 (on
the solvable Lie algebra parametrization of supergravity salar manifolds see
[47, 48℄). On the other hand the maximal ompat subalgebra H is spanned by
all operators of the form Eα−E−α for all positive roots α > 0. So the dimension
of the oset d, the rank r of U and the number of positive roots p are generally
101
102 Geodesis on maximally non ompat osets U/H
related as follows:
dim [U/H ] ≡ d = r + p ; p ≡ #positive roots = dimH ; r ≡ rankU
(5.4)
In the present hapter we onentrate on studying solutions of a bosoni
eld theory of type (5.1) that are only time-dependent. In so doing we onsider
the ase of a generi manifold U/H and we show how the previously realled
algebrai struture allows to retrieve a omplete generating solution of the eld
equations depending on as many essential parameters as the rank of the Lie
algebra U. These parameters label the orbits of solutions with respet to the
ation of the two symmetries present in (5.1), namely U global symmetry and H
loal symmetry. S The essential observation is that, as long as we are interested
in solutions depending only on time, the eld equations of (5.1) an be organized
as follows. First we write the eld equations of the matter elds φI whih
supposedly depend only on time. At this level the oupling of the sigma-model
to three dimensional gravity an be disregarded. Indeed the eet of the metri
g00 is simply that the eld equations for the salars φ
I
have the same form as
they would have in a rigid sigma model with just the following proviso. The
parameter we use is proper time rather than oordinate time. Next in the
variation with respet to the metri we an use the essential feature of three
dimensional gravity, namely the fat that the Rii tensor ompletely determines
also the Riemann tensor. This means that from the stress energy tensor of
the sigma model solution we reonstrut, via Einstein eld equations, also the
orresponding three dimensional metri.
5.1 Deoupling the sigma model from gravity
Sine we are just interested in ongurations where the elds depend only on
time, we take the following ansatz for the three dimensional metri:
ds23D = A
2(t) dt2 −B2(t) (dr2 + r2dφ2) (5.5)
where A(t) and B(t) are undetermined funtions of time. Then we observe that
one of these funtions an always be reabsorbed into a redenition of the time
variable. We x suh a oordinate gauge by requiring that the matter eld
equations for the sigma model should be deoupled from gravity, namely should
have the same form as in a at metri. This will our for a speial hoie of
the time variable. Let us see how.
In general, the sigma model equations, oupled to gravity, have the following
form:
✷cov φ
I + ΓIJK∂µφ
J ∂νφ
K gµν = 0 (5.6)
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In the ase we restrit dependene only on time the above equations redue to:
1√−detg
d
dt
(√
−detg g00 d
dt
φI
)
+ ΓIJK
d
dt
φJ
d
dt
φK g00 = 0 (5.7)
We want to hoose a new time τ = τ(t) suh that with respet to this new
variable equations (5.7) take the same form as they would have in a sigma
model in at spae, namely:
φ¨I + ΓIJK φ˙
J φ˙K = 0 I, J, K = 1, . . . , dimM (5.8)
where ΓIJK are the Christoel symbols for the metri hIJ . The last equations
are immediately interpreted as geodesi equations in the target salar manifold.
In order for equations (5.7) to redue to (5.8) the following ondition must
be imposed: √
−detg g00 d
dt
=
d
dτ
⇒ dt =
√
−detg g00 dτ (5.9)
Inserting the metri (5.5) into the above ondition we obtain an equation for the
oeient A(t) in terms of the oeient B(t). Indeed in the new oordinate τ
the metri (5.5) beomes:
ds23D = B
4(τ) dτ2 −B2(τ) (dr2 + r2dφ2) (5.10)
The hoie (5.10) orresponds to the following hoie of the dreibein:
e0 = B2(τ) dτ ; e1 = B(τ)dr ; e2 = B(τ) r dφ (5.11)
For suh a metri the urvature 2-form is as follows:
R01 =
2B˙2(τ) −B(τ) B¨(τ)
B6(τ)
e0 ∧ e1
R02 =
2B˙2(τ) −B(τ) B¨(τ)
B6(τ)
e0 ∧ e2
R12 = − B˙
2(τ)
B6(τ)
e1 ∧ e2 (5.12)
The Einstein equations, following from our lagrangian (5.1) are the following
ones, in at indies:
2Gab = Tab ; Gab ≡ Riab − 12 Rηab ; a, b = 0, 1, 2 (5.13)
With the above hoie of the vielbein, the at index Einstein tensor is easily
alulated and has the following form:
G00 =
B˙2(τ)
2B6(τ)
; G0i = 0 ; Gij =
2 B˙2(τ) −B(τ) B¨(τ)
2B6(τ)
δij ; i, j = 1, 2
(5.14)
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On the other hand, alulating the stress energy tensor of the salar matter in
the bakground of the metri (5.10) we obtain (also in at indies):
T00 =
1
2B4(τ)
(
φ˙I φ˙JhIJ
)
; T0i = 0 ; Tij =
1
2B4(τ)
(
φ˙I φ˙JhIJ
)
δij ; i, j = 1, 2
(5.15)
where
φ˙I φ˙JhIJ = ̟
2
(5.16)
is a onstant independent from time as a onsequene of the geodesi equations
(5.8). To prove this it sues to take a derivative in τ of ̟2 and verify that it
is zero upon use of eq.s (5.8).
Hene in order to satisfy the oupled equations of gravity and matter elds
it is neessary that:
2
B˙2(τ)
2B6(τ)
= 2
2 B˙2(τ) −B(τ) B¨(τ)
2B6(τ)
=
1
2B4(τ)
̟2 (5.17)
The rst of the above equalities implies:
B˙ = kB ⇒ B(τ) = exp[k τ ] (5.18)
where k is some onstant. The seond equality is satised if:
k = ± 1√
2
|̟| = ± 1√
2
√
φ˙I φ˙JhIJ (5.19)
In this way we have ompletely xed the metri of the threedimensional spae
as determined by the solution of the geodesi equations for the salar matter:
ds23D = exp [4k τ ] dτ
2 − exp [2k τ ] (dx21 + dx22) (5.20)
with the parameter k given by eq.(5.19).
5.2 Geodesi equations in target spae and the
Nomizu operator
Having laried how the three dimensional metri is determined in terms of the
solutions of the sigma model, we onentrate on this latter. We fous on the
geodesi equations (5.8) and in order to study them, we rely on the solvable Lie
group desription of the target manifold going to an anholonomi basis for the
tangent vetors to the geodesi. Sine gravity is deoupled from the salars, we
deal with a rigid sigma-model where the elds depend only on time
Lσ−model ∝ hIJ(φ)φ˙I φ˙J (5.21)
As was mentioned before, the equations of motion in this ase redue to the
geodesi equations for the metri hIJ(φ) and time plays the role of a parameter
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along the geodesis (see eq.(5.8)). Sine hIJ(φ) is the metri of a salar manifold
whih is a maximally non-ompat oset M = U/H, we an derive this metri
from a oset representative L(φ) ∈ U
hIJ(φ) = Tr(PKIL
−1∂IILIL−1∂J IL) (5.22)
PK being a projetion operator on the oset diretions of the Lie algebra U to
be disussed in a moment. To this eet we introdue the following general
notation. We make the orthogonal split of the U Lie algebra:
U = H⊕K (5.23)
where H ⊂ U is the maximal ompat subalgebra and K its orthogonal om-
plement. We adopt the following normalizations for the generators in eah
subspae:
U = Span{Hi, Eα, E−α}
K = Span{KA} = Span{Hi, 1√2 (Eα + E−α)} (5.24)
H = Span{tα} = Span{(Eα − E−α)}
The U Lie-algebra valued left invariant one-form
Ω = L−1dL = V AKA + ωαtα (5.25)
is in general expanded along all the generators of U (not only along K) and V =
V AKA orresponds to the oset manifold vielbein while ω = ω
α tα orresponds
to the oset manifold Honnetion.
As it is well known neither the oset representative L(φ), nor the one-form Ω
are unique. Indeed L is dened up to multipliation on the right by an element
of the ompat subgroup h ∈ H . This is a gauge invariane whih an be xed
in suh a way that the oset representative lies in the solvable group Solv(U/H)
obtained by exponentiating the solvable subalgebra Solv(U/H)
L (φ) = exp (Solv(U/H) · φ) (5.26)
In the ase of U/H being maximally non ompat Solv(U/H) oinides with the
Borel subalgebra and therefore it is spanned by the olletion of all Cartan gen-
erators and step-operators assoiated with positive roots, as we already stated,
namely:
Solv(U/H) = Span {TA} = Span {Hi, Eα} (5.27)
If the oset representative L is hosen to be a solvable group element, as in eq.
(5.26), namely if we are in the solvable parametrization of the oset, we an also
write:
Ω = L−1dL = V˜ iHi + V˜ αEα = V˜ A TA (5.28)
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sine Ω is ontained in the solvable subalgebra Solv(U/H) ⊂ U. Eq.s (5.25) and
(5.28) are ompatible if and only if:
V α =
√
2ωα (5.29)
In this ase we an identify V˜ i = V i and V˜ α =
√
2V α; eq.(5.29) is the solvability
ondition for a oset representative.
Hene we an just rewrite the metri of our maximally nonompat manifold
U/H as follows:
ds2U/H =
dimU∑
A=1
V A ⊗ V A = V˜ i ⊕ V˜ i + 12 V˜ α ⊕ V˜ α (5.30)
It is interesting to disuss what are the residual Hgauge transformations that
remain available after the solvable gauge ondition (5.29) has been imposed. To
this eet we onsider the multipliation
L 7→ Lh = L (5.31)
where
h = exp [θα tα] (5.32)
is a nite element of the H subgroup singled out by generi parameters theta.
For any suh element we an always write:
h−1 tα h = A(θ) βα tβ
h−1KA h = D(θ) BA KB (5.33)
where the matrix A(θ) is the adjoint representation of h and D(θ) is the D
representation of the same group element. We obtain:
Ω ≡ L−1 dL = h−1dh+ h−1Ωh
= h−1 dh+ h−1 ω h︸ ︷︷ ︸
= ω
+ h−1 V h︸ ︷︷ ︸
= V
(5.34)
where
ωα =
1
tr(t2α)
tr
(
h−1 dh tα
)
+ ωβ A(θ) αβ
V
α
= V β D(θ) αβ + V
iD(θ) αi (5.35)
Suppose now that the oset representative L is solvable, namely it satises
eq.(5.29). The oset representative L will still satisfy the same ondition if the
h-ompensator satises the following ondition:
√
2
tr(t2α)
tr
(
h−1(θ) dh(θ) tα
)
= V β
(
A(θ) αβ − D(θ) αβ
)
+ V iD(θ) αi (5.36)
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The above equations are a set of n = #roots = dimH dierential equations on
the parameters θα of the hsubgroup element (ompensator). In the following
we will use suh set of equations as the basis of an algorithm to produe solutions
of the geodesi equations (5.8).
Given these preliminaries, we an establish a new notation. We introdue
tangent vetors to the geodesis in the anholonomi basis:
ΦA = V˜ AI (φ) φ˙
I
(5.37)
whih are funtions only of time: ΦA = ΦA(t). In this basis the eld equations
redue to
Φ˙A + ΓABCΦ
BΦC = 0 (5.38)
where now ΓABC are the omponents of the Levi-Civita onnetion in the hosen
anholonomi basis. Expliitly they are related to the omponents of the Levi
Civita onnetion in an arbitrary holonomi basis by:
ΓABC = Γ
I
JKV
A
I V
J
B V
K
C − ∂K(V AJ )V JB V KC (5.39)
where the inverse vielbein is dened in the usual way:
V AI V
I
B = δ
A
B (5.40)
The most important point here is that, the onnetion ΓABC an be identied
with the Nomizu onnetion dened on a solvable Lie algebra, if the oset rep-
resentative L from whih we onstrut the vielbein via eq.(5.25), is solvable,
namely if and only if the solvability ondition (5.29) is satised. In fat, as we
an read in [103℄, one we have dened over Solv a non degenerate, positive
denite and symmetri form:
〈 , 〉 : Solv ⊗ Solv −→ R
〈X , Y 〉 = 〈Y , X〉 (5.41)
whose lifting to the manifold produes the metri, the ovariant derivative is
dened through the Nomizu operator:
∀X ∈ Solv : LX : Solv −→ Solv (5.42)
so that
∀X,Y, Z ∈ Solv : 2〈Z , LXY 〉 = 〈Z, [X,Y ]〉 − 〈X, [Y, Z]〉 − 〈Y, [X,Z]〉 (5.43)
while the Riemann urvature 2-form is given by the ommutator of two Nomizu
operators:
RWZ (X,Y ) = 〈W ,
{
[LX ,LY ] − L[X,Y ]
}
Z〉 (5.44)
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This implies that the ovariant derivative expliitly reads:
LX Y = Γ
Z
XY Z (5.45)
where
ΓZXY =
(〈Z, [X,Y ]〉 − 〈X, [Y, Z]〉 − 〈Y, [X,Z]〉)
2 < Z,Z >
∀X,Y, Z ∈ Solv (5.46)
In onrete, the non degenerate, positive denite, symmetri form on the
solvable Lie algebra whih agrees with equation (5.30) is dened by setting:
〈Hi , Hj〉 = 2 δij
〈Hi , Eα〉 = 0
〈Eα , Eβ〉 = δα,β (5.47)
∀Hi, Hj ∈ CSAE8(8) and ∀Eα, step operator assoiated to a positive root α of
E8(8). Then the Nomizu onnetion (whih is onstant) is very easy to alulate.
We have:
Γijk = 0
Γiαβ =
1
2
(−〈Eα, [Eβ , Hi]〉 − 〈Eβ , [Eα, Hi]〉) = 12 αiδαβ
Γαij = Γ
α
iβ = Γ
i
jα = 0
Γαβi =
1
2 (〈Eα, [Eβ , Hi]〉 − 〈Eβ , [Hi, Eα]〉) = −αi δαβ
Γα+βαβ = −Γα+ββα = 12Nαβ
Γαα+β β = Γ
α
β α+β =
1
2Nαβ
where Nαβ is dened by the ommutator:
[Eα , Eβ ] = Nαβ Eα+β (5.48)
whih has to be worked out in the algebra.
1
Notie that ΓZXY 6= ΓZY X sine
its expression onsists of the rst term whih is antisymmetri in (X, Y ) and
the sum of the last two whih is symmetri. The omponent Γαβi onsists of the
sum of two equal ontributions from the antisymmetri and symmetri part,
the same ontributions anel in Γαiβ whih indeed vanishes. By substituting
the expliit expression of the Nomizu onnetion in (5.38) and introduing for
the further onveniene new names for the tangent vetors along the Cartan
generators χi ≡ Φi we have the equations:
χ˙i + 12
∑
α∈∆+
αiΦ2α = 0
Φ˙α +
∑
β∈∆+
NαβΦ
βΦα+β − αi χiΦα = 0 (5.49)
1
The values of the onstants Nαβ , that enable to onstrut expliitly the representation of
E8(8), used in this paper, are given in the hidden appendix. To see it, download the soure
le, delete the tag end{document} after the bibliography and LaTeX.
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Eq.s (5.49 ) enode all the algebrai struture of the D = 3 sigma model and
due to our oxidation algorithm of the original supergravity in ten dimensions.
All this means that, thanks to the solvability of the algebra (and also to the
fat that we know the expliit form of the onnetion via the Nomizu operator),
we have redued the entire problem of nding time dependent bakgrounds for
either type IIA or type IIB superstrings or M-theory to the integration of a
system of dierential equations rmly based on the algebrai struture of E8(8).
This is a system of non-linear dierential equations, and from this point of
view it might seem hopeless to be solved. Yet, due to its underlying algebrai
struture, one an use its isometries to generate the omplete integral depending
on as many integration onstants as the number of equations in the system. This
is the ompensator algorithm we alluded to above, whih we shortly outline. To
this eet we disuss the role of initial onditions for the tangent vetors to the
geodesis. There exist a number of possibilities for suh onditions that an
trunate the whole system to smaller and simpler ones. The simplest hoie is
to put all root-vetors to zero in the origin. This will ensure that root-vetors
will remain zero at all later times and the system will redue to
χ˙i = 0 (5.50)
The solution of suh a redued system is trivial and onsists of a onstant vetor
V˜ A = (χi, 0). If we apply an Hrotation to this tangent vetor
V
A
= V B D(θ) AB (5.51)
we produe a new one, yet, for generi Hrotations we will break the solvable
gauge, so that the result no longer produes a solution of eq.s(5.49). However, if
we restrit the θα parameters of the rotation to satisfy ondition (5.36), then the
solvable gauge is preserved and the rotated tangent vetor V
A
is still a solution
of eq.s(5.49). Hene a general algorithm to solve the dierential system (5.49)
has been outlined. One starts from the trivial solution in eq.(5.50) and then
tries to solve the dierential equation for the theta parameter orresponding
to one partiular Hgenerator tα = Eα − E−α. Applying this rotation to the
trivial solution we obtain a new non trivial one. Then starting from suh a
new solution we an repeat the proedure and try to solve again the dierential
equation for the theta parameter relative to a new generator. If we sueed
we obtain a further new solution of the original system and we an repeat the
proedure a third time for a third generator, iteratively. Indeed, onsidering
eq.(5.36) we see that if h(t) is just a general element of the subgroup H, the
system is rather diult to solve, yet if we hoose a rotation around a single
axis hα0 = e
θα0(t)tα0
, then
1
Tr(t2α0)
Tr(h−1dhtα0) = ˙θα0 and, if all the other
equations for α 6= α0 are identially satised, as it will turn out to be the ase
in the examples we onsider, then the system redues to only one rst order
dierential equation on the angle θα0(t).
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We name suh an algorithm the ompensator method and we will illustrate
it in the next hapter with spei examples.
Chapter 6
The A2 toy model as a
paradigma
In this hapter we onsider expliit examples of solutions of the geodesi problem
in the ase of an A2 simple algebra. Later we will onsider the possible embed-
dings of suh an algebra into the E8 algebra, so that the solutions we onstrut
here will be promoted to partiular solutions of the full E8(8)/SO(16) sigma
model. The diverse embeddings will orrespond to diverse oxidations of the
same three dimensional onguration to D = 10 ongurations. In other words
there exist various non abelian solvable subalgebras S5 ⊂ Solv(E8/SO(16)) of
dimension 5 whih by means of a linear transformation an be identied as
the solvable Lie algebra of the simple Lie algebra A2, namely the solvable Lie
algebra desription of the oset manifold:
M5 ≡ exp [Solv(A2)] ∼= SL(3,R)
SO(3)
(6.1)
The detailed study of this model provides our paradigma for the general so-
lution of the omplete theory based on the oset manifold E8(8)/SO(16). We
emphasize that the possibility of hoosing a normal form for the initial tangent
vetor to the geodesi allows to redue the system of rst order equations to
a muh simpler set, as we started to disuss in the previous hapter in general
terms. Suh a normal form an be hosen in dierent ways. In partiular it an
always be hosen so that it ontains only Cartan generators. When this is done
the system is always exatly solvable and in terms of pure exponentials. The
solution obtained in this way provides a representative for the orbit of geodesis
modulo isometries. We an then generate new solutions of the dierential sys-
tem (5.49) by the ompensator method we desribed in the previous hapter.
In this hapter we illustrate suh an algorithm in the ase of the toy A2 model.
The resulting solutions have not only a tuitional interest, rather they provide
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examples of solutions of the full E8(8) system and hene of full supergravity. It
sues to embed the A2 Lie algebra in the full algebra E8(8). We will disuss
suh embeddings and the orresponding oxidations of our sigma model solutions
in later hapters.
6.1 Struture of the A2 system
Our model onsists of 5 salar elds, whih parametrize a oset manifoldM5 =
SL(3)/SO(3). Our hosen onventions are as follows. The two simple roots of
SL(3) are:
β1 =
{√
2 , 0
}
, β2 =
{
− 1√
2
,
√
3
2
}
(6.2)
and the third positive root, whih is the highest is:
β3 = β1 + β2 =
{
1√
2
,
√
3
2
}
(6.3)
Furthermore the step operator Eβ3 is dened through the ommutator:
Eβ3 = [Eβ1 , Eβ2 ] (6.4)
and this ompletely xes all onventions for the Lie algebra struture onstants.
The three generators of the maximally ompat subgroup are dened as:
t1 = Eβ1 − E−β1 , t2 = Eβ2 − E−β2 , t3 = Eβ3 − E−β3 (6.5)
and they satisfy the standard ommutation relations:
[ti , tj ] = ǫijk tk (6.6)
In the orthogonal deomposition of the Lie algebra:
A2 = SO(3) ⊕ K5 (6.7)
the 5-dimensional subspae K5 is identied with the tangent spae to M5 and
orresponds to the j = 2 representation of SO(3)
[tβ ,KA] = Y
B
βAKB (6.8)
This subspae is spanned by the following generators:
K5 = Span
{
H1, H2,
Eβ1 + E−β1√
2
,
Eβ2 + E−β2√
2
,
Eβ3 + E−β3√
2
}
(6.9)
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Applying to this ase the general formulae (5.49) based on the Nomizu on-
netion (5.48) we obtain the dierential system:
χ˙1(t) +
1√
2
Φ21(t)− 12√2Φ22(t) + 12√2Φ23(t) = 0
χ˙2(t) +
√
3
2
√
2
Φ22(t) +
√
3
2
√
2
Φ23(t) = 0
Φ˙1(t) + Φ2(t)Φ3(t)−
√
2Φ1(t)χ1(t) = 0
Φ˙2(t)− Φ1(t)Φ3(t) + 1√2Φ2(t)χ1(t)−
√
3
2Φ2(t)χ2(t) = 0
Φ˙3(t)− 1√2Φ3(t)χ1(t)−
√
3
2Φ3(t)χ2(t) = 0 (6.10)
In order to solve this dierential system of equations we reall their geomet-
rial meaning. They are the geodesis equations for the manifold (6.1) written
in at indies, namely in an anholonomi frame. Any geodesis is ompletely
determined by two data: the initial point p0 ∈M5 and the initial tangent vetor−→
t 0 ∈ T (M5) at time t = 0. Sine our manifold is homogeneous, all points are
equivalent and we an just hoose the origin of the oset manifold. Sine we
are interested in determining the orbits of geodesis modulo the ation of the
isometry group, the relevant question is the following: in how many irreduible
representations of the tangent group SO(3) does the tangent spae deompose?
The answer is simple: the 5 dimensional tangent spae is irreduible and or-
responds to the j = 2 representation of SO(3). The next question is: what
is the normal form of suh a representation and how many parameters does it
ontain. The answer is again simple. A spin two representation is just a sym-
metri traeless tensor gij in three dimensions. By means of SO(3) rotations we
an redue it to a diagonal form and the essential parameters are its eigenval-
ues, namely two parameters, sine the third eigenvalue is minus the sum of the
other two, being the matrix traeless. So by means of SO(3) rotations a generi
5-dimensional tangent vetor an be brought to ontain only two parameters.
This argument is also evident from the onsideration that 5 − 3 = 2, namely
by means of the three SO(3) parameters we an set three omponents of the
5-dimensional vetor to zero.
We an also analyze the normal form of the 5dimensional representation
from the point of view of eigenstates of the angular momentum third omponent
t3. This latter has skew eigenvalues ±2,±1 and 0. The transformation of the
matrix g = {gij} under any generator t of the SO(3) Lie algebra is
δ g = [t , g] (6.11)
so that the pair of skew eigenstates of the generator t3, as given in eq. (6.31),
pertaining to the skew eigenvalues ±2 is provided by the symmetri matries of
the form:
g(±2) =
 a 0 b0 0 0
b 0 −a
 (6.12)
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whih an be diagonalized through SO(3) rotations (atually SO(2) in this ase)
and brought to the normal form:
g2 =

√
a2 + b2 0 0
0 0 0
0 0 −√a2 + b2
 (6.13)
whih is just one of the two in the pair of skew eigenstates. On the other hand
the symmetri traeless matrix that orresponds to the null eigenstate of t3 is:
g(0) =
 s 0 00 −2s 0
0 0 s
 (6.14)
A superposition g2+g(0) provides the most general diagonal traeless symmetri
matrix, namely the normal form to whih any state in the j = 2 irreduible
representation an be brought by means of SO(3) rotations.
Alternatively, sine the j = 2 representation is provided by the tangent
spae to the M5 manifold, spanned by the oset generators of SL(3,R) not
lying in the ompat SO(3) subalgebra, we an identify the normal form of a 5
dimensional vetor as one with non vanishing omponents only in the diretions
of the Cartan generators. Indeed, by means of SO(3) rotations any vetor an be
brought to suh a form and the ounting of independent parameters oinides,
namely two. This is a ompletely general statement for maximally non ompat
oset manifolds. The rank of the oset is equal to the number of independent
parameters in the normal form of the H representation provided by the oset
subspae K.
Relying on these onsiderations, let us onsider the expliit representation of
the group SO(3) on the tangent spae to our manifoldM5 and how, by means of
its transformation we an bring the initial tangent vetor to our geodesi to our
desired normal form. Indeed our aim is to solve the geodesi equations (6.10)
xing initial onditions:
{χ1(0) , χ2(0) , Φ1(0) , Φ2(0) , Φ3(0)} = V˜ =
{
V˜1, V˜2, . . . , V˜5
}
(6.15)
where V˜ is the normal form of the 5 vetor. To this eet it is onvenient to
inspet the representative matries of SO(3) on the tangent spae. The three
generators of the maximally ompat subgroup were dened in (6.5) and in the
basis of K5 provided by the generators (6.9) the 5 × 5 matries representing
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SO(3) are:
t
[5]
1 =

0 0 −2 0 0
0 0 0 0 0
2 0 0 0 0
0 0 0 0 1
0 0 0 −1 0
 , t
[5]
2 =

0 0 0 1 0
0 0 0 −√3 0
0 0 0 0 −1
−1 √3 0 0 0
0 0 1 0 0

t
[5]
3 =

0 0 0 0 −1
0 0 0 0 −√3
0 0 0 −1 0
0 0 1 0 0
1
√
3 0 0 0
 (6.16)
These matries have the expeted skew eigenvalues:
(±2, ±1, 0) (6.17)
For the generator t
[5]
3 the orresponding eigenvetors are:
eigenvalue 0 ⇒ {−√3, 1, 0, 0, 0}
eigenvalues ±1 ⇒
{
{0, 0, 1, 1, 0}
{0, 0,−1, 1, 0}
eigenvalues ±2 ⇒
 {
1√
2
,
√
3
2 , 0, 0,
√
2}
{− 1√
2
,−
√
3
2 , 0, 0,
√
2}
(6.18)
So redued to normal form the 5-vetor of initial ondition is a linear om-
bination of the vetors
−→g ±2 = {± 1√2 ,±
√
3
2 , 0, 0,
√
2} with the vetor −→g 0 =
{−√3, 1, 0, 0, 0}. In partiular writing:
V˜
normal form
= a−→g 0 + b (−→g +2 −−→g −2)
=
(
−
√
3 a +
√
2 b, a +
√
6 b, 0, 0, 0
)
(6.19)
we obtain an initial tangent vetor that has non vanishing omponents only in
the diretions of the Cartan generators.
1
For reasons of later onveniene we
parametrize the initial normal tangent vetor as follows:
V˜
normal form
=
(
ω − κ
4
√
2
,
3ω + κ
4
√
6
, 0, 0, 0
)
(6.20)
and we onlude that we an nd a generating solution of the geodesi equations
if we solve the rst order system for the tangent vetors (eq.s (6.10)) with the
initial onditions given by eq.(6.20). With suh onditions the dierential system
1
Indeed, starting from the Cartan subalgebra, we an generate the whole K spae by
applying the adjoint ation of the H subalgebra AdhHi = h
α[Hi, tα] =
√
2αihαKα.
116 The A2 toy model as a paradigma
(6.10) is immediately solved by:
Φ
(gen)
1 (t) = 0, Φ
(gen)
2 (t) = 0, Φ
(gen)
3 (t) = 0
χ
(gen)
1 (t) =
ω − κ
4
√
2
, χ
(gen)
2 (t) =
3ω + κ
4
√
6
(6.21)
From this generating solution we an obtain new ones by performing SO(3)
rotations suh that they keep the solvable parametrization of the oset stable.
In partiular by rotating along the three possible rotation axes we an swith
on the root elds Φβ(t), one by one. This proedure is disussed in hapter 6.3.
6.2 Salar elds of the A2 model
In order to nd the solutions for the salar elds φI , we have to onstrut expli-
itly the SL(3,R)/SO(3) oset representative L. First, we x the parametrization
of the oset representative as follows
L = exp
[
ϕ3(t)E3
]
exp[ϕ1(t)E1 + ϕ
2(t)E2] exp
[
h1(t)H1 + h
2(t)H2
]
(6.22)
Note that here we have ordered the exponentials by height grading, rst the
highest root of level two, then the simple roots of level one, nally the Cartan
generators of level zero. As we will appreiate in eq.s (8.21), this is ruial in
order to interpret the salar elds ϕi as the omponents of the orresponding
p-forms, in oxidation. Choosing the following normalizations for the generators
of the fundamental dening representation of the group SL(3,R):
H1 =

1√
2
0 0
0 − 1√
2
0
0 0 0
 , H2 =

1√
6
0 0
0 1√
6
0
0 0 −
√
2
3
 (6.23)
and
E1 =
0 1 00 0 0
0 0 0
 , E2 =
0 0 00 0 1
0 0 0
 , E3 =
0 0 10 0 0
0 0 0
 (6.24)
we onstrut a oset representative L ∈ SL(3,R)/SO(3) expliitly as the follow-
ing upper triangular matrix:
L =

e
h1(t)√
2
+
h2(t)√
6 e
−h1(t)√
2
+
h2(t)√
6 ϕ1(t) e
−
√
2
3h2(t)(12ϕ1(t)ϕ2(t) + ϕ3(t))
0 e
−h1(t)√
2
+
h2(t)√
6 e−
√
2
3h2(t)ϕ2(t)
0 0 e−
√
2
3h2(t)

(6.25)
Then we alulate the vielbein omponents through the formula:
V I = Tr
[
L
−1 d
dt
LK
I
5
]
(6.26)
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where K
I
5 are the generators of the oset dened in eq.(6.9). The vielbein V
A
an be found expliitly as a funtion of time, realling that in the solvable
gauge it is onneted with the solutions of the eq.s (6.10) by the formula V˜ i =
V i , V˜ β = Φβ =
√
2V β . We obtain the following equations:
V 1 = h˙1(t) = χ1(t)
V 2 = h˙2(t) = χ2(t)
V 3 = e−
√
2 h1(t) 1√
2
ϕ˙1(t) =
1√
2
Φ1(t)
V 4 = e
h1(t)−
√
3 h2(t)√
2 1√
2
ϕ˙2 (t) =
1√
2
Φ2(t)
V 5 = e
−h1(t)+
√
3h2(t)√
2
(ϕ2(t) ϕ˙1 (t)−ϕ1(t) ϕ˙2 (t)+2 ϕ˙3 (t))
2
√
2
= 1√
2
Φ3(t)
(6.27)
where in the last olumn we are supposed to write whatever funtions of the
time t we have found as solutions of the dierential equations (6.10) for the
tangent vetors. For future use in the oxidation proedure it is onvenient to
give a name to the following ombination of derivatives:
W (t) = ϕ2(t)ϕ1
′(t)− ϕ1(t)ϕ2 ′(t) + 2ϕ3 ′(t) (6.28)
and rewrite the last of equations (6.27) as follows:
Φ3(t) =
1
2e
−h1(t)+
√
3h2(t)√
2 W (t) (6.29)
In partiular, the generating solution for the tangent vetors (inserting χ1 =
ω−κ
4
√
2
, χ2 = 3ω+κ
4
√
6
, Φ1 = 0, Φ2 = 0, Φ3 = 0) gives, up to irrelevant integration
onstants, the following salar elds:
h1(t) =
(ω − κ)t
4
√
2
, h2(t) =
(3ω + κ)t
4
√
6
,
ϕ1(t) = 0, ϕ2(t) = 0, ϕ3(t) = 0 (6.30)
6.3 Dierential equations for the H-ompensators
and the generation of new solutions
Non trivial solutions of the system (6.10) an now be obtained from the gener-
ating solution (6.21) by means of a suitable H-subgroup ompensating transfor-
mation, applying to the present ase the general proedure of the ompensator
method outlined at the end of hapter 5. In previous paragraphs we have al-
ready olleted all the ingredients whih are neessary to onstrut the expliit
form of eq.s (5.36). Indeed from eq.s (6.23), (6.24), by realling the denition
(6.5), we immediately obtain the three generators ti of the ompat subgroup
SO(3) in the 3dimensional representation whih is also the adjoint:
t
[3]
1 =
 0 1 0−1 0 0
0 0 0
 , t[3]2 =
 0 0 00 0 1
0 −1 0
 , t[3]3 =
 0 0 10 0 0
−1 0 0

(6.31)
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On the other hand in eq. (6.1), we onstruted the generators ti in the 5
dimensional j = 2 representation, spanned by the vielbein. Hene introduing a
ompensating group element h ∈ SO(3), parametrized by three time dependent
angles in the following way:
h = exp [θ3(t) t3] exp [θ2(t) t2] exp [θ1(t) t1] (6.32)
we immediately obtain the expliit form of the adjoint matrix A(θ) and of the
matrix D(θ), by setting:
A(θ) = exp
[
θ3(t) t
[3]
3
]
exp
[
θ2(t) t
[3]
2
]
exp
[
θ1(t) t
[3]
1
]
D(θ) = exp
[
θ3(t) t
[5]
3
]
exp
[
θ2(t) t
[5]
2
]
exp
[
θ1(t) t
[5]
1
]
(6.33)
Inserting the normal form vetor (6.20) and the above dened matries A(θ)
and D(θ) into the dierential system (5.36) we obtain the following expliit
dierential equations for the three time dependent θ-parameters:
θ˙3(t) =
1
4ω sin 2 θ3(t)
θ˙2(t) =
1
8 [κ+ ω cos 2 θ3(t)] sin 2 θ2(t)
θ˙1(t) = − 116 [κ+ κ cos 2 θ2(t) + ω[cos 2θ2(t)− 3] cos 2θ3(t)] sin 2 θ1(t) +
+ 12 ω sin
2 θ1(t) sin θ2(t) sin 2 θ3(t) (6.34)
At the same time the rotated tangent vetor reads as follows in terms of the
hosen angles:
V
rot
≡ −→v
n.f.
D(θ)
V 1
rot
= 1
16
√
2
{− cos 2θ1 [2κ+ 2κ cos 2θ2 + ω cos 2(θ2 − θ3)
−6ω cos 2θ3 + ω cos 2(θ2 + θ3)] + 8ω sin 2θ1 sin θ2 sin 2θ3}
V 2
rot
= 1
16
√
6
{−2 κ+ 6 κ cos 2 θ2 + 3ω cos 2 (θ2 − θ3)
+6ω cos 2 θ3 + 3ω cos 2 (θ2 + θ3)}
V 3
rot
= 1
16
√
2
{− [2 κ+ 2 κ cos 2 θ2 + ω cos 2 (θ2 − θ3)− 6ω cos 2 θ3
+ω cos 2 (θ2 + θ3)] sin 2 θ1 − 8ω cos 2 θ1 sin θ2 sin 2 θ3}
V 4
rot
= 1
4
√
2
{cos θ1 (κ+ ω cos 2 θ3) sin 2 θ2 + 2ω cos θ2 sin θ1 sin 2 θ3}
V 5
rot
= 1
4
√
2
{− (κ+ ω cos(2 θ3)) sin θ1 sin 2 θ2
+2ω cos θ1 cos θ2 sin 2 θ3} (6.35)
In this way nding solutions of the original dierential system for tangent vetors
is redued to the problem of nding solutions of the dierential system for
the ompensating angles (6.34). The main property of this latter system is
that it an be solved iteratively. By inspetion we see that the rst of eq.s
(6.34) is a single dierential equation in separable variables for the angle θ3.
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Inserting the resulting solution into the seond of eq.s (6.34) produes a new
dierential equation in separable variables for θ2 whih an also be solved by
diret integration. Inserting these results into the last equation produes instead
a nonlinear dierential equation for θ1 whih is not with separable variables
and reads as follows:
p1(t) sin 2 θ1(t) + p2(t)sin
2 θ1(t) + θ1
′(t) = 0 (6.36)
In eq.(6.36) pi(t) are two funtions of time determined by the previous solutions
for θ2,3(t). Expliitly they read:
p1(t) =
1
32 {2 κ+ 2 κ cos 2 θ2(t) + ω cos 2 [θ2(t)− θ3(t)]
−6ω cos 2 θ3(t) + ω cos 2 [θ2(t) + θ3(t)]}
p2(t) = − 12ω sin θ2(t) sin 2θ3(t) (6.37)
and we an evaluate them using the general solutions of the rst two equations
in (6.34), namely:
θ3(t) = − arcsin
[
e
t ω
2√
et ω + eω λ3
]
θ2(t) = − arcsin e
t(κ+ω)+λ2
4√
etω + eωλ3 + e
t(κ+ω)+λ2
2
(6.38)
where λ2,3 are two integration onstants. Equation (6.36) is atually an inte-
grable dierential equation. Indeed multiplying (6.36) by 1/ sin2 θ1 and intro-
duing the new depending variable y(t) = cot θ1, (6.36) beomes atually the
following linear dierential equation for y(t)
2y(t)p1(t) + p2(t)− y(t)′ = 0 (6.39)
whih an easily be solved. Hene the general integral of (6.36) reads as follows:
θ1(t)→ −arot
[
e2
∫
p1(t) dt
(
−
∫
p2(t)
e2
∫
p1(t) dt
dt+ λ1
)]
(6.40)
where λ1 is a third integration onstant.
In this way the system of eq.s (6.34) has obtained a fully general solution
ontaining three integration onstants. By inserting this general solution into
equation (6.35) one also obtains a omplete general solution of the original
dierential system for the tangent vetors ontaining ve integration onstants
ω, κ, λ1, λ2, λ3, as many as the rst order equations in the system.
Let us onsider for instane the hoie λ2 = λ3 = 0. In this ase the solution
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(6.38) for the rotation angles θ3,2 redues to:
θ3(t) →֒ − arcsin e
tω
2√
1 + et ω
θ2(t) →֒ − arcsin e
t (κ+ω)
4√
1 + et ω + e
t (κ+ω)
2
(6.41)
and by replaing this result into the integrals we get:
2
∫
p1(t) dt =
t (κ− ω) + 4 log(1 + et ω)− 2 log(1 + et ω + e t (κ+ω)2 )
4
(6.42)
and
−
∫
p2(t)
e2
∫
p1(t) dt
dt =
1
1 + et ω
(6.43)
Substituting the above expliit integrations into eq.(6.40) we obtain:
θ1 →֒ arot
e t (κ−ω)4 (1 + (1 + et ω) λ1)√
1 + et ω + e
t (κ+ω)
2

(6.44)
that together with eq.s (6.41) provides an expliit solution of equations (6.34).
We an replae suh a result in eq.(6.35) and obtain the tangent vetors after
three rotations. Yet as it is evident form eq.(6.35) the rst two rotations are
already suient to obtain a solution where all the entries of the 5dimensional
tangent vetor are non vanishing and hene all the root elds are exited. In the
sequel we will onsider the two solutions obtained by means of the rst rotation
and by means of the rst plus the seond. They will onstitute our paradigma
of how the full system an be eventually solved. These solutions however, as we
disuss in later hapters, are not only interesting as toy models and examples.
Indeed through oxidation they an be promoted to very interesting bakgrounds
of ten dimensional supergravity that make ontat with the physis of Sbranes.
6.3.1 Solution of the dierential equations for the tangent
vetors with two Cartan and one nilpotent eld
Let us onsider the system (6.34) and put
θ1 = θ2 = onst = 0 (6.45)
This identially solves the last two equations and we are left with the rst whose
general integral was already given in eq.(6.38). By hoosing the integration
onstant λ3 = 0 we an also write:
θ3(t) = arccos
1√
1 + etω
(6.46)
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By inserting (6.46) and (6.45) into (6.35) we obtain the desired solution for the
tangent vetors:
χ1(t) = −
κ+ ω tanh t ω2
4
√
2
, χ2(t) =
κ− 3ω tanh t ω2
4
√
6
,
Φ1(t) = 0, Φ2(t) = 0, Φ3(t) =
ω√
(1 + e−tω)(1 + etω)
(6.47)
where one root eld is exited.
Next we address the problem of solving the equations for the salar elds,
namely eq.s(6.27), whih are immediately integrated, obtaining:
h1(t) = −
tκ+ 2 log(cosh t ω2 )
4
√
2
, h2(t) =
tκ− 6 log(cosh t ω2 )
4
√
6
,
ϕ1(t) = 0, ϕ2(t) = 0, ϕ3(t) =
√
1 + tanh( t ω2 )
e
t ω
2
√
1 + et ω
(6.48)
We an now insert eq.s (6.48) into the form of the oset representative (6.25) and
we obtain the geodesi as a map of the time line into the solvable group manifold
and hene into the oset manifold depending on your taste for interpretation:
Rt →֒ exp [Solv(A2)] ≃ SL(3,R)
SO(3)
(6.49)
In hapter (8.2.1) the oxidation of this sigmamodel solution to a full edged
supergravity bakground in D = 10 is studied.
6.3.2 Solution of the dierential equations for the tangent
vetors with two Cartan and three nilpotent elds
Then we ontinue the hierarhial solution of the (6.34) dierential system by
onsidering the next rotation θ2. We set θ1 = onst = 0 and we replae in eq.s
(6.34) the solution (6.46) for θ3, with λ3 = 0. The rst and the last dierential
equations are identially satised. The seond equation was already solved in
eq.(6.38). By hoie of the irrelevant integration variable λ2 = 0 a onvenient
solution of the above equation is provided by the following time dependent angle:
θ2(t) = − arcsin e
t (κ+ω)
4√
1 + et ω + e
t (κ+ω)
2
(6.50)
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Inserting (6.46) and (6.50) into (6.35) we obtain :
χ1(t) =
−(1 + et ω)2 κ− (−1 + et ω)
(
1 + et ω + 2 e
t (κ+ω)
2
)
ω
4
√
2 (1 + et ω)
(
1 + et ω + e
t (κ+ω)
2
)
χ2(t) =
(
1 + et ω − 2 e t (κ+ω)2
)
κ− 3 (−1 + et ω) ω
4
√
6
(
1 + et ω + e
t (κ+ω)
2
)
Φ1(t) = − e
t (κ+3ω)
4 ω
(1 + et ω)
√
1 + et ω + e
t (κ+ω)
2
Φ2(t) =
e
t (κ+ω)
4 (κ+ et ω (κ− ω) + ω)
2
√
1 + et ω
(
1 + et ω + e
t (κ+ω)
2
)
Φ3(t) =
e
t ω
2 ω√
(1 + et ω)
(
1 + et ω + e
t (κ+ω)
2
) (6.51)
Integrating eq.s(6.27) with this new hoie of the left hand side we obtain:
h1(t) =
t (−κ+ ω)− 4 log(1 + et ω) + 2 log(1 + et ω + e t (κ+ω)2 )
4
√
2
h2(t) =
t (κ+ 3ω)− 6 log(1 + et ω + e t (κ+ω)2 )
4
√
6
ϕ1(t) =
1
1 + et ω
ϕ2(t) = − (1 + e
t ω)
1 + et ω + e
t (κ+ω)
2
W (t) =
2 etω ω
(1 + et ω)
(
1 + et ω + e
t (κ+ω)
2
)
(6.52)
In hapter 8.2.2 we will see how this σ-model solution an be oxided, among
other hoies, to an interesting S3/S1-brane solution of type IIB supergravity.
Chapter 7
The E8 Lie algebra:
Redution, Oxidation and
subalgebra embeddings
We ome now to a lose examination of the E8 Lie algebra and we show how the
hierarhial dimensional redution/oxidation [104℄[105℄ of supergravity bak-
grounds is algebraially enoded in the hierarhial embedding of subalgebras
into the E8 algebra. Similarly the struture of the bosoni lagrangians of type
II A/B supergravities in D = 10 [106, 107, 108, 109℄ is enoded in the deom-
position of the solvable Lie algebra Solv(E8(8)/SO(16)) aording to irreduible
representations of two inequivalent subgroups GL(7,R)A/B ⊂ E8(8), respetively
assoiated with the moduli spae of at metris on a torus T 7 in ompatied
type II A or type II B theory [47, 48, 110℄.
In order to arry out our programme we begin by spelling out the E8 Lie
algebra in our hosen onventions.
Using the CartanWeyl basis the Lie algebra an be written in the standard
form:
[Hi , Hj ] = 0
[Hi , Eα] = αi Eα ∀α ∈ ∆+
[Hi , E−α] = −αiE−α
[Eα , Eβ ] = Nαβ Eα+β if α+ β ∈ ∆+
[Eα , Eβ ] = 0 if α+ β /∈ ∆+
[Eα , E−β ] = δαβ αiHi (7.1)
where Hi are the 8 Cartan generators, Eα are the 120 step operators assoiated
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with the positive roots α ∈ ∆+.1
Our hoie of the simple roots as vetors in an Eulidean R8 spae is the
following one
α1 = {0, 1,−1, 0, 0, 0, 0, 0}
α2 = {0, 0, 1,−1, 0, 0, 0, 0}
α3 = {0, 0, 0, 1,−1, 0, 0, 0}
α4 = {0, 0, 0, 0, 1,−1, 0, 0}
α5 = {0, 0, 0, 0, 0, 1,−1, 0}
α6 = {0, 0, 0, 0, 0, 1, 1, 0}
α7 = {− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12}
α8 = {1,−1, 0, 0, 0, 0, 0, 0}
The Dynkin diagrams orresponding to GL(7,R)A/B are dened by the fol-
lowing simple roots:
GL(7,R)A ↔ {α1, α2, α3, α4, α6, α8}
GL(7,R)B ↔ {α1, α2, α3, α4, α5, α8} (7.2)
These two hoies are illustrated in g.7.1 where the roots belonging to the
SL(7,R) ⊂ GL(7,R) subgroup of the metri group are painted white. The
roots eventually orresponding to a Beld are instead painted blak, while the
root eventually orresponding to a RR state are painted gray. As one sees the
dierene between the A and B interpretation of the same Dynkin diagram,
named by us a painting of the same, resides in the fat that in the rst ase the
RR root is linked to a metri, while in the seond it is linked to a Beld.
In order to motivate the above identiations, let us start realling that
the T 7 metrimoduli parametrize the oset MA/Bg = GL(7,R)A/B/SO(7) in
the type IIA or B frameworks. If we desribe MA/Bg as a solvable Lie group
generated by the solvable Lie algebra Solv(MA/Bg ) [110, 35℄ then its oset rep-
resentative Lpqˆ (in our notation the hatted indies are rigid, i.e. are ated
on by the ompat isotropy group) will be a solvable group element whih, in
virtue of the Iwasawa deomposition an be expressed as the produt of a ma-
trix N−1T , whih is the exponent of a nilpotent matrix, times a diagonal one
H−1: L = N−1T H−1. Indeed the matrix N−1T is the exponential of the sub-
algebra A of Solv(MA/Bg ) spanned by the shift operators orresponding to the
GL(7,R)A/B positive roots, while H−1 is the exponential of the sixdimensional
1
The values of the onstants Nαβ , that enable to onstrut expliitly the representation of
E8(8), used in this paper, are given in the hidden appendix. To see it, download the soure
le, delete the tag end{document} after the bibliography and LaTeX.
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Figure 7.1: There are two dierent ways of embedding the SL(7,R) Lie algebra
in E8(8) whih orrespond to the type IIA and type IIB interpretation of the
same sigma model. This an also be seen as a dierent way of painting the same
Dynkin diagram with blobs that are either assoiated with the metri (white) or
with the Beld (gray) or with the RamondRamond eld (blak). Furthermore
the Tduality transforming the A painting into the B one is just the hange in
sign of the ǫ6 vetor in Eulidean spae. Indeed this orresponds, physially to
inverting one of the torus radii R9 → α′/R9.
GL(7,R)A/B Cartan subalgebra. The vielbein Ep
qˆ
orresponding to the T 7 met-
ri gpq will have the following expression :
E = L−1T = N H ,
g = E ET = N HHT N T . (7.3)
The matrix N is nontrivial only if T 7 has odiagonal metrimoduli. In
the ase of a straight torus, namely when gpq = e
2σp δpq = R
2
p δpq the diagonal
entries of H are just the radii Rp: Hpqˆ = Rp δpqˆ.
The deomposition of Solv(E8(8)/SO(16)) = Solv8 with respet to
Solv(GL(7,R)/SO(7)) = Solv
A/B
7 has the following form:
Solv8 = Solv
A/B
7 + o(1, 1) +A[1] +B[1] +B[2] +
∑
k
C
[k]
A/B (7.4)
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where o(1, 1) denotes the Cartan generator Hα[7] parametrized by the ten di-
mensional dilaton φ, B[2] = B2+p , 2+q B
p q
is the subalgebra parametrized by
the internal omponents of the KalbRamond eld and
C
[k]
A/B = C2+p1 ... 2+pk C
p1 ... pk
the subalgebra spanned by the internal ompo-
nents of the RR kform (in our onventions C2+p1,...2+pk for k > 4 are the
dualized vetors C2+q1 ... 2+q7−k,µ, with ǫ
p1...pkq1...q7−k 6= 0). Finally the spaes
A[1] and B[1] are parametrized by the dualized KaluzaKlein and KalbRamon
vetors: gpµ, B2+p, µ. It an be veried that the shift generators orresponding
to E8(8) positive roots deompose into orderk antisymmetri tensorial repre-
sentations T
[k] = {Tp1...pk} with respet to the adjoint ation of GL(7,R)A/B:
E ∈ GL(7,R)A/B : E ·Tp1...pk · E−1 = Ep1q1 . . . Epk qkTq1...qk (7.5)
From the denitions (7.2) we see that the shift generators orresponding to
positive roots deompose with respet to GL(7,R)A into the subspaes B
[2]
and C
[k]
A , k = 1, 3, 5, 7 and with respet to GL(7,R)B into B
[2]
and C
[k]
B ,
k = 0, 2, 4, 6.
As far as the RR salars are onerned, these representations orrespond
indeed to the tensorial struture of the type IIA spetrum
C2+p, C2+p , 2+q , 2+r, Cµ, C2+p , 2+q , µ
and type IIB spetrum
C, C2+p,2+q, C2+p,2+q,2+r,2+s, C2+p,µ.
We an now dene a one-to-one orrespondene between axions and E8(8)
positive roots. The T 7 moduli spae is SO(7, 7)T /[SO(7)×SO(7)] = Exp(SolvT )
parametrized by the salars g2+p , 2+q and B2+p , 2+q, where:
SolvT = Solv
A/B
7 +B
[2]
(7.6)
In three dimensions the salar elds deriving from the dualization of gpµ and
Bpµ together with the dilaton φ enlarge the manifold SO(7, 7)T /[SO(7)×SO(7)]
to SO(8, 8)/[SO(8)× SO(8)] = Exp(SolvNS) where now:
SolvNS = Solv
A/B
7 + o(1, 1) +A[1] +B[1] +B[2] , (7.7)
This manifold is parametrized by the 64 NS salar elds. If we deompose Solv8
with respet to SolvNS we may ahieve an intrinsi grouptheoretial hara-
terization of the NS and RR salars. From this point of view the RR salar
elds span the 64dimensional subalgebra Solv8/SolvNS whih oinides with
a spinorial representation of SO(7, 7)T with a denite hirality. Therefore the
orresponding positive roots have grading one with respet to the SO(7, 7)T
spinorial root α[7]. Finally the higherdimensional origin of the three dimen-
sional salar elds an be determined by deomposing Solv8 with respet to the
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solvable algebra Solv11−D generating the salar manifold E11−D(11−D)/H of the
Ddimensional maximal supergravity. This deomposition is dened by the em-
bedding of the higherdimensional duality groups E11−D(11−D) inside the three
dimensional one. The Dynkin diagrams of the E11−D(11−D) nested Lie algebras
are arranged aording to the the pitures displayed in Fig. 7.2 and Fig. 7.3.
Let us now omment on the geometrial relation between the Type IIA and
IIB representations. The two SL(7,R)A/B Dynkin diagrams are mapped into
eah other by the SO(7, 7) outer authomorphism ǫ7 → −ǫ7 whih orresponds,
in the light of our parametrization of the E8(8) Cartan generators, to a Tduality
along the diretion x9. To show that this operation is indeed a Tduality (see
[111℄ and also [112℄ for a geometrial denition of Tduality in the solvable Lie
algebra formalism) let us reall the parametrization of the Cartan subalgebra
in our setup:
Type IIB:
~h · ~H =
7∑
p=1
σp (ǫp − ǫ8)− φ
2
α7 =
7∑
p=1
σ˜p (ǫp − ǫ8) + 2φ ǫ8 (7.8a)
Type IIA:
~h · ~H =
7∑
p=1
σp (ǫ
′
p − ǫ′8)−
φ
2
(α7 + ǫ7) =
7∑
p=1
σ˜p (ǫ
′
p − ǫ′8) + 2φ ǫ′8 (7.8b)
with ǫ′w =
ǫw ifw 6= 7ǫw ifw = 7
where, in the ase of a ompatiation on a straight torus, σp = log (Rp)
and σ˜p = log (R˜p), Rp and R˜p being the T
7
radii in the tendimensional
Einstein or stringframe respetively. Let us onsider a Tduality along di-
retions xi1 , . . . , xik : R˜ir → 1/R˜ir (r = 1, . . . , k, α′ = 1). The transformation
ǫir → −ǫir in the expression of ~h · ~H an be absorbed by the transformation
σ˜ir → −σ˜ir and φ → φ−
∑k
r=1 σ˜ir whih is indeed the eet of the Tduality.
As a result of this analysis the preise onetoone orrespondene between
axions and positive roots an now be given in the following form:
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Type IIB:
C2+p1 ... 2+pk ↔ α7 + ǫp1 + . . . ǫpk , (k = 2, 4) ,
C2+p , µ ↔ α7 + ǫq1 + . . . ǫq6 , (ǫpq1...q6 6= 0) ,
B2+p , 2+q ↔ ǫp + ǫq ,
B2+p , µ ↔ −ǫp − ǫ8 ,
γ2+p
2+q ↔ ǫp − ǫq
γµ
2+q ↔ ǫq − ǫ8
Type IIA:
C2+p1...2+pk ↔ α7 + ǫ7 + ǫ′p1 + . . . ǫ′pk , (k = 1, 3) ,
C2+p1 , 2+p2 , µ ↔ α7 + ǫ7 + ǫ′q1 + . . . ǫ′q5 , (ǫp1p2q1...q5 6= 0) ,
Cµ ↔ α7 + ǫ7 + ǫ′1 + . . . ǫ′7 ,
B2+p , 2+q ↔ ǫ′p + ǫ′q ,
B2+p , µ ↔ −ǫ′p − ǫ′8 ,
γ2+p
2+q ↔ ǫ′p − ǫ′q
γµ
2+q ↔ ǫ′q − ǫ′8
(7.9)
where γ2+p
2+q
are the parameters entering the matrix N and whih determine
the odiagonal entries of the T 7 vielbein Ep
qˆ
:
N ≡ exp (γ2+p2+qAqp) (7.10)
for a preise denition of the above exponential representation see [110℄. The
elds γµ
q
denote the salars dual to the KaluzaKlein vetors.
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E3
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α6
✐α5
E4
✐
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✐
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✐
α4
✐α5
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α7
✐
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✐
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✐
α3
Figure 7.2: The Dynkin diagrams of E3(3)) ⊂ E4(4) ⊂ E5(5) and the labeling of
simple roots
E6
✐
α7
✐
α6
✐
α4
✐α5
✐
α3
✐
α2
E7
✐
α7
✐
α6
✐
α4
✐α5
✐
α3
✐
α2
✐
α1
E8 ✐
α7
✐
α6
✐
α4
✐α5
✐
α3
✐
α2
✐
α1
✐
α8
Figure 7.3: The Dynkin diagrams of E6(6)) ⊂ E7(7) ⊂ E8(8) and the labeling of
simple roots
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Chapter 8
Oxidation of the A2 solutions
In this hapter, as a working illustration of the oxidation proess we derive
two full edged D = 10 supergravity bakgrounds orresponding to the two A2
sigma model solutions derived in previous hapters. As we already emphasized
in our introdution the orrespondene is not one-to-one, rather it is one-to-
many. This has two reasons. First of all we an either oxide to a type IIA
or to a type IIB onguration. Seondly, even within the same supergravity
hoie (A or B), there are several dierent oxidations of the same abstrat sigma
model solution, just as many as the dierent ways of embedding the solvable
Solv(A2) algebra into the solvable Solv(E8/SO(16)) algebra. This embeddings
lead to quite dierent physial interpretations of the same abstrat sigma model
solution.
Our rst task is the lassiation of these inequivalent embeddings.
8.1 Possible embeddings of the A2 algebra
In order to study the possible embeddings it is onvenient to rely on a om-
pat notation and on the following graded struture of the Solvable Lie algebra
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Solv(E8/SO(16)) haraterized by the following non vanishing ommutators:
[A , A] = A (8.1a)[
A , A[1]
]
= A[1] (8.1b)[
B
[2] , B[1]
]
= A[1] (8.1)[
A , B[2]
]
= B[2] (8.1d)[
A , C[k]
]
= C[k] (8.1e)[
B
[2] , C[k]
]
= C[k+2] (8.1f)[
C
[k] , C[6−k]
]
= B[1] (8.1g)[
C
[4] , C[4]
]
= A[1] (8.1h)
In eq. (8.1) A[1], B[2], B[1] and C[k] are the spaes of nilpotent generators
dened in the previous hapter. While A is the SolvA/B7 Lie algebra. In view
of the above graded struture there are essentially 8 physially dierent ways of
embedding the A2 algebra into E8(8).
1 Every root β1,2,3 is a metri generator A. In this ase the A2 Lie algebra
is embedded into the SL(7,R) subalgebra of E8(8) and the orresponding
oxidation leads to a purely gravitational bakground of supergravity whih
is idential in the type IIA or type IIB theory.
2 The two simple roots β1,2 are respetively assoiated with a metri generator
A and a B-eld generator B. The omposite root β3 is assoiated with
a seond B-eld generator. This is so beause the B-generators span an
antisymmetri rank 2 representation of SL(7,R). In this ase oxidation
leads to a purely NS onguration, shared by type II A and type II B
theory, involving the metri, the dilaton and the B-eld alone.
3 The two simple roots β1,2 are respetively assoiated with a metri gener-
ator A and with a RR kform generator C[k]. The omposite root β3
is assoiated with a seond RR generator C
[k]
pertaining to the same
k. This follows again from the fat that the C[k] generators span an
SL(7,R)representation. In this ase oxidation leads to dierent results in
type II A and type II B theories, although the metri is the same for the
two ases and it has non trivial o-diagonal parts.
4 The simple roots β1,2 are respetively assoiated with a RR k-form generator
C
[k]
and with a B-eld generator B. The omposite root β3 is assoiated
with a k+2 form generatorCk+2. In this ase the metri is purely diagonal
and we have non trivial B-elds and RR forms. Type IIA and type IIB
Choie of one embedding example 133
oxidations are just dierent in this setor. The NS setor is the same for
both.
5 The two simple roots β1,2 are respetively assoiated with a RR generator
C
[k]
and a RR generator C
[6−k]
. The omposite root β3 is assoiated with
a B
[1]
generator. The oxidation properties of this ase are just similar to
those of the previous ase. Also here the metri is diagonal.
6 The root β1 orresponds to an o diagonal element of the internal metri,
namely belongs to A, while β2,3 orrespond to salars dual to the Kaluza
Klein vetors g2+p , µ namely belong to A[1].
7 The root β1 ∈ B[2], namely it desribes an internal omponent of the Beld.
The root β2 ∈ B[1] namely it orresponds to a Beld with mixed indies.
The root β3 ∈ A[1] is assoiated with a mixed omponent of the metri.
8 In type IIB theory the roots β1,2 belong to C
[4]
namely are assoiated with
two dierent omponents of the internal 4form, while β3 ∈ A[1] desribes
a mixed omponent of the metri.
8.2 Choie of one embedding example
As an illustration, out of the above list we hoose one example of embedding
that has an immediate and nie physial interpretation in terms of a brane
system. We onsider the ase 4, with a RR generator C[2] and a B-eld gener-
ator respetively assoiated with β1,2 and a C
[4]
generator assoiated with the
omposite root β3. In partiular we set:
β1 → B34
β2 → C89
β3 → C3489 ∼ Cµ567 (8.2)
More preisely this orresponds to identifying β1,2,3 with the following roots
of E8(8) aording to their lassiation given in the appendix:
β1 →֒ α[69] = ǫ1 + ǫ2 ↔ B34
β2 →֒ α[15] = α[7] + ǫ6 + ǫ7 ↔ C89
β3 →֒ α[80] = α[7] + ǫ1 + ǫ1 + ǫ6 + ǫ7 ↔ C3489 ∼ Cµ567
(8.3)
where α[7] =
{− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12} is the spinorial simple root of
E8(8).
Next given the expliit form of the two roots β1 →֒ α[69] and β2 →֒ α[15] we
onstrut the 2dimensional subspae of the Cartan subalgebra whih is orthog-
onal to the orthogonal omplement of α[69] and α[15] in R8. We immediately
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see that this subspae is spanned by all 8 vetors of the form:
−→
h = {x, x, y, y, y,−y,−y, y} (8.4)
so that we nd:
−→
h · −→α [69] = 2x ; −→h · −→α [15] = −(x+ 3y) (8.5)
Then we relate the elds x and y to the diagonal part of the ten dimensional
metri.
To this eet we start from the general relations between the ten-dimensional
metri in the Einstein frame and the elds in three-dimensions evaluated in the
D = 3 Einstein frame, then we speialize suh relations to our partiular ase.
General relations in dimensional redution The Einstein frame metri
in D = 10 an be written as:
G
(Einstein)
MN =
(
exp[4φ3 − 12φ] g(E,3)µν +Gij AiµAiν Gik Akµ
Gjk Akν Gij
)
(8.6)
where g
(E,3)
µν is the three dimensional Einstein frame metri (5.10) determined by
the solution of the D = 3-sigma model via equations (5.17) and (5.18,5.19). On
the other hand Gij is the Einstein frame metri in the internal seven diretions.
It parametrizes the oset:
GL(7,R)
SO(7)
= O(1, 1) × SL(7,R)
SO(7)
(8.7)
In full generality, realling eq.s(7.3) we an set ([110, 35℄):
G = E ET ; E = N H (8.8)
where, in this ase:
Nij = δij (8.9)
sine there are no roots assoiated with metri generators, while the diagonal
matrix:
Hij = exp[σi] δij (8.10)
parametrizes the degrees of freedom assoiated with the Cartan subalgebra of
O(1, 1) × SL(7,R). The relation of the elds σi with the dilaton eld and the
Cartan elds of E8(8) is obtained through the following general formulae:
−→
h =
7∑
p=1
(
σp +
1
4φ
) −→ǫ p + 2φ3−→ǫ 8
φ3 =
1
8 φ− 12
7∑
p=1
σp (8.11)
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φ being the dilaton in D = 10 and φ3 its ounterpart in D = 3. The above
formula follows immediately from eq.(7.8)
We also stress the following general property of the parametrization (8.6)
for the D = 10 metri:
√−detGG00 =
√
−detg g00 (8.12)
having denoted G the full Einstein metri in ten dimension and g the Einstein
metri in three dimension.
Speializing to our example Hene, in our example the ansatz for Gij is
diagonal
Gij = exp [2σi] δij ; i = 1, . . . , 7 (8.13)
and we obtain the following relation between the elds x and y and the diagonal
entries of the metri and the dilaton:
φ = −−→h · −→α [7] = x+ y
σ1,2 =
3x− y
4
σ3,4,5 =
3y − x
4
σ6,7 = −5y + x
4
(8.14)
Calling h˜1,2 the Cartan elds in the abstrat A2 model disussed in hapter 6,
we have:
h˜ · β1 =
√
2 h˜1 ; h˜ · β2 = − 1√2 h˜1 +
√
3
2 h˜1 (8.15)
so that we an onlude:
x = 1√
2
h˜1 ; y = − 1√6 h˜1 (8.16)
We an also immediately onlude that:
Q2 =
d
dt
h · d
dt
h =
d
dt
h˜ · d
dt
h˜ = |χ1|2 + |χ2|2 (8.17)
On the other hand the interpretation of Q2 is the following. Consider the
parameter ̟2 appearing in the three-dimensional metri determined from the
sigma model by Einstein equations. It is dened as:
̟2 = hIJ φ˙
I φ˙J =
8∑
i=1
|χi|2 +
120∑
α=1
|Φ|2 (8.18)
If we alulate ̟2 using the generating solution or any other solution obtained
from it by ompensating H-transformations, its value, whih is a onstant, does
not hange. So we have:
̟2 =
8∑
i=1
|χ(gen.sol.)i |2 (8.19)
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and in the lifting of our A2 solutions we an onlude that Q
2 = ̟2. Let
us alulate this ruial parameter for the ase of the non trivial A2 solutions
disussed above. By means of straightforward algebra we get:
̟2 = |χ(gen.sol.)1 |2 + |χ(gen.sol.)2 |2 = 124
(
κ2 + 3ω2
)
(8.20)
Next we turn to the identiation of the p-forms. As we will expliitly verify
by heking type IIB supergravity eld equations, the appropriately normalized
identiations are the following ones:
B[2] = ϕ1(t) dx3 ∧ dx4
C[2] = ϕ2(t) dx8 ∧ dx9
C[4] = ϕ3(t) dx3 ∧ dx4 ∧ dx8 ∧ dx9 + U (8.21)
where U is the appropriate 4form needed to make the orresponding eld
strength self dual.
In this way realling the normalizations of type IIB eld strengths as given
in appendix we get:
FNS[3]034 =
1
6ϕ1
′(t)
FRR[3]089 =
1
6ϕ2
′(t)
FRR[5]03489 =
1
240 W (t)
FRR[5]12567 =
1
240 W (t)
√
−detg 1
g00 g33 g44 g88 g99
(8.22)
and we reognize that the ombination W (t) dened in eq.(6.28) is just the
self-dual 5-form eld strength inluding Chern-Simons fators.
8.2.1 Full oxidation of the A2 solution with only one root
swithed on
Let us now fous on the A2 solution involving only the highest root (similar
solutions were obtained in [11, 12, 13, 14, 15, 16, 17, 18, 113, 114, 115, 116, 117℄),
namely on eq.s (6.47) and (6.48). Inserting the expliit form of the Cartan elds
in eq.s(8.16) and then using (8.14) we obtain the omplete form of the metri
ds2 = −r2[0](t) dt2 + r2[1|2](t)
(
dx21 + dx
2
2
)
+ r2[3|4](t)
(
dx23 + dx
2
4
)
+r2[5|6|7](t)
(
dx25 + dx
2
6 + dx
2
7
)
+ r2[8|9](t)
(
dx28 + dx
2
9
)
(8.23)
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whih is diagonal and it is parametrized by ve time dependent sale fators
r2[0](t) = e
t
√
κ2
3 +ω
2
√
cosh
t ω
2
r2[1|2](t) = e
t
√
κ2
3
+ω2
2
√
cosh
t ω
2
r2[3|4](t) =
1
e
t κ
6
√
cosh t ω2
r2[5|6|7](t) =
√
cosh
t ω
2
r2[8|9](t) =
e
t κ
6√
cosh t ω2
(8.24)
We also obtain the expliit form of the dilaton, whih turns out to be linear in
time:
φ = − 16 κ t (8.25)
Calulating the Rii tensor of the metri (8.23) we nd that it is also diagonal
and it has ve independent eigenvalues respetively given by:
Ric00 =
(
κ2 + 9ω2 + κ2 cosh t ω
)
seh
2( t ω2 )
288
Ric11 = Ric22 =
ω2 seh2( t ω2 )
32 e
t
√
κ2
3
+ω2
2
Ric33 = Ric44 =
ω2seh2( tω2 )
32 e
t
√
κ2
3
+ω2
2
Ric55 = Ric66 = Ric77 =
−ω2seh3( tω2 )
32 e
t
(
κ+6
√
κ2
3
+ω2
)
6
Ric88 = Ric99 =
−ω2seh3( tω2 )
32 e
t
(
κ+6
√
κ2
3
+ω2
)
6
(8.26)
On the other hand inserting the expliit values of salar elds (6.48) into equa-
tions (8.21) we obtain:
FNS[3] = 0
FRR[3] = 0 (8.27)
FRR[5] =
ω dt ∧ dx3 ∧ dx4 ∧ dx8 ∧ dx9
1 + cosh t ω
+
ω dx1 ∧ dx2 ∧ dx5 ∧ dx6 ∧ dx7
2
Considering eq.s(8.27) and (8.25) together the physial interpretation of the
parameters ω and κ labeling the generating solution, beomes lear. They are
respetively assoiated to the harges of the D3 and D5 branes whih originate
this lassial supergravity solution. Indeed, as it is obvious from the last of
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eq.s (8.27), there is a dyoni D3-brane whose magneti harge is uniformly dis-
tributed on the Eulidean hyperplane 12567 while the eletri harge is attahed
to the Minkowskian hyperplane 03489. The magneti harge per unit volume
is ω/2. With our hoie of the A2 subalgebra, there should also be a D5-brane
magnetially dual to an Eulidean D-string extending in the diretions 89. In
this partiular solution, where ϕ1,2 = 0 the F
RR
[3] vanishes, yet the presene of
the D5 brane is revealed by the dilaton. Indeed in a pure D3 brane solution the
dilaton would be onstant. The linear behaviour (8.25) of φ, with oeient
−κ/6 is due to the D5 brane whih ouples non trivially to the dilaton eld.
Suh an interpretation will beome ompletely evident when we onsider the
oxidation of the solution obtained from this by a further SO(3) rotation whih
swithes on all the roots. This we do in the next setion. Then we will disuss
how both oxidations do indeed satisfy the eld equations of type IIB supergrav-
ity and we will illustrate their physial properties as osmi bakgrounds.
8.2.2 Full oxidation of the A2 solution with all three roots
swithed on
Let us then turn to the A2 solution involving all the three nilpotent elds,
namely to eq.s (6.51) and (6.52). Just as before, by inserting the expliit form
of the Cartan elds in eq.s(8.16) and then using (8.14) we obtain the omplete
form of the new metri, whih has the same diagonal struture as in the previous
example, namely
ds2 = −r2[0](t) dt2 + r2[1|2](t)
(
dx21 + dx
2
2
)
+ r2[3|4](t)
(
dx23 + dx
2
4
)
+r2[5|6|7](t)
(
dx25 + dx
2
6 + dx
2
7
)
+ r2[8|9](t)
(
dx28 + dx
2
9
)
(8.28)
now, however, the sale fators are given by:
r2[0](t) = e
t
(
−ω
4 +
√
κ2
3 +ω
2
) (
1 + et ω
) 1
4
(
1 + et ω + e
t (κ+ω)
2
) 1
4
r2[1|2](t) = e
t (−3ω+2
√
3
√
κ2+3ω2)
12
(
1 + et ω
) 1
4
(
1 + et ω + e
t (κ+ω)
2
) 1
4
r2[3|4](t) =
e
−(t κ)
6 +
t ω
4
(
1 + et ω + e
t (κ+ω)
2
) 1
4
(1 + et ω)
3
4
r2[5|6|7](t) =
(1 + et ω)
1
4
(
1 + et ω + e
t (κ+ω)
2
) 1
4
e
t ω
4
r2[8|9](t) =
e
t (2κ+3ω)
12 (1 + et ω)
1
4(
1 + et ω + e
t (κ+ω)
2
) 3
4
(8.29)
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Figure 8.1: Plots of the sale fators r2[α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as funtions of
the osmi time t = τ(T ) in the ase of the hoie of parameters ω = 1, κ = 0.5
and for the A2 solution with only the highest root swithed on.
and the dilaton is no longer linear in time, rather it is given by:
φ =
− (t κ)− 3 log(1 + et ω) + 3 log(1 + et ω + e t (κ+ω)2 )
6
(8.30)
Calulating the Rii tensor of the metri (8.28,8.29) we nd it diagonal with
ve dierent eigenvalues, just as in the previous ase, but with a modied time
dependene, namely:
Ric00 =
1
576 (1 + et ω)
2
(
1 + et ω + e
t (κ+ω)
2
)2
×
[(
1 + et ω
)2 (
4 + 8 et ω + 4 e2 t ω + 23 e
t (κ+ω)
2 + et (κ+ω) + 23 e
t (κ+3ω)
2
)
κ2
−6 e t (κ+ω)2 (−1 + e2 t ω) (7 + 7 etω + e t (κ+ω)2 ) κω
9
(
8 et ω + 16 e2 t ω + 8 e3 t ω + 3 e
t (κ+ω)
2 + et (κ+ω) + 10 et (κ+2ω)
+17 e
t (κ+3ω)
2 + et (κ+3ω) + 17 e
t (κ+5ω)
2 + 3 e
t (κ+7ω)
2
)
ω2
]
(8.31a)
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Figure 8.2: Plots of the sale fators r2[α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as funtions
of the osmi time t = τ(T ) in the ase of the hoie of parameters ω = 0, κ = 1
and for the A2 solution with only the highest root swithed on.
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Figure 8.3: Plots of the sale fators r2[α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as funtions
of the osmi time t = τ(T ) in the ase of the hoie of parameters ω = 1, κ = 0
and for the A2 solution with only the highest root swithed on.
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Ric11 = Ric22 =
1
64 (1 + et ω)2
(
1 + et ω + e
t (κ+ω)
2
)2
×
[
e
t
(
ω−
√
κ2
3
+ω
2
)
2
(
e
t (κ+6ω)
2 (κ− ω)2 + 8 e t ω2 ω2 + 16 e 3 t ω2 ω2 + 8 e 5 t ω2 ω2
+4 et (κ+
3ω
2 ) ω2 + e
t κ
2 (κ+ ω)2 + e
t (κ+4ω)
2 (3 κ2 − 2 κω + 11ω2)
+e(
t κ
2 +t ω) (3 κ2 + 2 κω + 11ω2)
)]
(8.31b)
Ric33 = Ric44 =
1
64 e
t
(
κ−6ω+6
√
κ2
3
+ω2
)
6 (1 + et ω)
3
(
1 + et ω + e
t (κ+ω)
2
)2
×
[
e
t (κ+6ω)
2 (κ− ω)2 − 8 e tω2 ω2 − 16 e 3 t ω2 ω2 − 8 e 5 t ω2 ω2 − 12 et (κ+ 3ω2 ) ω2
+e
t κ
2 (κ+ ω)2 + e
t (κ+4ω)
2 (3 κ2 − 2 κω − 21ω2)
+e
t (κ+2ω)
2 (3 κ2 + 2 κω − 21ω2)
]
(8.31)
Ric55 = Ric66 = Ric77 =
1
64 (1 + et ω)
2
(
1 + et ω + e
t (κ+ω)
2
)2
×
[
e
t
(
ω−2
√
κ2
3
+ω2
)
2
[
e
t (κ+6ω)
2 (κ− ω)2 + 8 e t ω2 ω2 + 16 e 3 t ω2 ω2 + 8 e 5 t ω2 ω2
+ 4 et (κ+
3ω
2 ) ω2 + e
t κ
2 (κ+ ω)2e
t (κ+4ω)
2 (3 κ2 − 2 κω + 11ω2)
+ e
t (κ+2ω)
2 (3 κ2 + 2 κω + 11ω2) +
]]
(8.31d)
Ric88 = Ric99 = − 1
64 (1 + et ω)
2
(
1 + et ω + e
t (κ+ω)
2
)3
×
[
e
t
(
κ+6ω−6
√
κ2
3
+ω2
)
6
[
3e
t (κ+6ω)
2 (κ− ω)2 + 8 e t ω2 ω2 + 16 e 3 t ω2 ω2 + 8 e 5 t ω2 ω2
− 4 et (κ+ 3ω2 ) ω2+ e t (κ+4ω)2 (−3 κ+ω)2+3 e t κ2 (κ+ω)2+ e t (κ+2ω)2 (3 κ+ω)2
]]
(8.31e)
On the other hand inserting the expliit values of salar elds (6.52) into
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equations (8.21) we obtain:
FNS[3] = −
1
4
ω seh2
t ω
2
dt ∧ dx3 ∧ dx4 (8.32a)
FRR[3] =
e
t (κ+ω)
2 (κ+ et ω(κ− ω) + ω)
2
(
1 + et ω + e
t (κ+ω)
2
)2 dt ∧ dx8 ∧ dx9 (8.32b)
FRR[5] =
et ω ω dt ∧ dx3 ∧ dx4 ∧ dx8 ∧ dx9
(1 + et ω)
(
1 + et ω + ǫ
t (κ+ω)
2
) − ω dx1 ∧ dx2 ∧ dx5 ∧ dx6 ∧ dx7
(8.32)
This formula ompletes the oxidation also of the seond sigma model solution
to a full edged D = 10 type IIB onguration. As expeted in both ases
the ten dimensional elds obtained by oxidation satisfy the eld equations of
supergravity as formulated in the appendix. We disuss this in the next hapter.
8.2.3 How the supergravity eld equations are satised
and their osmologial interpretation
Taking into aount that the Ramond salar C0 vanishes the eetive bosoni
eld equations of supergravity redue to:
d ⋆ dφ = 12
(
e−φ FNS3 ∧ ⋆FNS3 − eφ FRR3 ∧ ⋆FRR3
)
(8.33)
0 = FNS3 ∧ ⋆FNS3 (8.34)
d
(
e−φFNS3
)
= −FRR3 ∧ ⋆FRR5 (8.35)
d
(
eφFRR3
)
= FNS3 ∧ ⋆FRR5 (8.36)
d
(
⋆FRR3
)
= −FNS3 ∧ FRR3 (8.37)
−2RicMN = TˆMN (8.38)
where the redued stress energy tensor TˆMN is the superposition of two ontri-
butions that we respetively attribute to the D3 brane and to the D5-brane,
namely:
TˆMN = Tˆ
[D3]
MN + Tˆ
[D5]
MN (8.39)
Tˆ
[D3]
MN ≡ 150F[5]M····F ····[5]N (8.40)
Tˆ
[D5]
MN ≡
1
2
∂Mϕ∂Nϕ+ 9
(
e−ϕFNS[3]M·· F
NS ··
[3]N + e
ϕFRR[3]M··F
RR ··
[3]N
)
−3
4
gMN
(
e−ϕFNS[3]···F
NS···
[3] + e
ϕFRR[3]···F
RR···
[3]
)
(8.41)
By means of laborious algebrai manipulations that an be easily performed on
a omputer with the help of MATHEMATICA, we have expliitly veried that
in both ases, that of hapter 8.2.1 and that of hapter 8.2.2 the eld eq.s(8.33)-
(8.38) are indeed satised, so that the oxidation proedure we have desribed
turns out to be well tuned and fully orret.
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Figure 8.4: Plots of the energy densities in the ase of the hoie of parameters
ω = 1, κ = 0.5 and for the A2 solution with only the highest root swithed on.
The rst piture plots the total density ρtot(τ). The seond piture plots the
ratio ρd3(τ)/ρtot(τ) and the third plots the ratio ρd3(τ)/ρd5(τ)
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Figure 8.5: Plots of the pressure eigenvalues P[α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as
funtions of the osmi time t = τ(T ) in the ase of the hoie of parameters
ω = 1, κ = 0.5 and for the A2 solution with only the highest root swithed on.
In order to enlighten the physial meaning of the type IIB superstring bak-
grounds we have eventually onstruted it is worth to analyze the struture of
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the stress energy tensor. First, reintroduing the missing traes we dene:
T
[D3]
MN = Tˆ
[D3]
MN − 12 gMN Tˆ [D3]RS gRS
T
[D5]
MN = Tˆ
[D5]
MN − 12 gMN Tˆ [D5]RS gRS
T totMN = T
[D3]
MN + T
[D5]
MN (8.42)
It turns out that the stress energy tensors are diagonal, just as the metri, and
have the form of a perfet uid, but with dierent pressure eigenvalues in the
various subspaes. Indeed we an write:
T tot,D3, D500 = g00 ρ
tot,D3, D5
T tot,D3, D5iαjα = −giαjα P tot,D3, D5α (8.43)
where α denotes the four dierent submanifolds extending in diretions:
α = 1|2 , 3|4 , 5|6|7 , 8|9 (8.44)
We an now analyze the spei properties of the two example of solutions.
8.2.4 Properties of the solution with just one root swithed
on
In the ase of the time dependent bakground desribed in hapter (8.2.1) and
obtained by oxiding the solution (6.48) we obtain for the energy densities :
ρtot =
(1 + et ω)
2
κ2 + 9 et ω ω2
36 et
√
κ2
3 +ω
2
(1 + et ω)
2
√
cosh t ω2
ρd3 =
ω2
16 et
√
κ2
3 +ω
2
cosh
5
2 t ω
2
ρd5 =
κ2
36 et
√
κ2
3 +ω
2
√
cosh t ω2
(8.45)
for the total pressures :
P tot1|2 = −
κ2 + 9ω2 + κ2 cosh tω
144et
√
κ2
3 +ω
2
cosh
5
2 tω
2
P tot3|4 = −
e
t
(
ω−
√
κ2
3 +ω
2
) (
κ2 − 9ω2 + κ2 cosh tω)
36(1 + etω)
2
√
cosh tω2
P tot5|6|7 = −
κ2 + 9ω2 + κ2 cosh tω
144et
√
κ2
3 +ω
2
cosh
5
2 tω
2
P tot8|9 = −
e
t
(
ω−
√
κ2
3 +ω
2
) (
κ2 − 9ω2 + κ2 cosh tω)
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for the pressures assoiated with the D3 brane:
PD31|2 =
−ω2
16 et
√
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2 tω
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√
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2
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16 et
√
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5
2 t ω
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16 et
√
κ2
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2
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2 t ω
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(8.47)
and for the pressures assoiated with the D5 brane:
PD51|2 =
−κ2
72 et
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√
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√
κ2
3 +ω
2
√
cosh t ω2
(8.48)
As we see from its analyti expression the total energy density is an exponentially
dereasing funtion of time whih tends to zero at asymptotially late times
(t 7→ ∞). What happens instead at asymptotially early times (t 7→ −∞)
depends on the value of κ. For κ = 0 we have limt7→−∞ ρtot(t) = 0, while for
κ 6= 0 we always have limt7→−∞ ρtot(t) = ∞. This is illustrated, for instane,
in gs.(8) and (10). This phenomenon is related to the presene or absene of
a D5 brane as it is evident from eq.s (8.45) whih shows that the dilaton-(D5)
brane ontribution to the energy density is proportional to κ2 and it is always
divergent at asymptotially early times, while the D3 brane ontribution tends
to zero in the same regime.
We also note, omparing eq.s(8.48) with eq.s(8.47) that the pressure on-
tributed by the dilatonD5brane system is the same in all diretions 19, while
the pressure ontributed by the D3brane system is just opposite in the dire-
tion 3489 and in the transverse diretions 12567. This is the origin of the osmi
billiard phenomenon that we observe in the behaviour of the metri sale fa-
tors. Indeed the presene of the D3-brane auses, at a ertain instant of time,
a swith in the osmi expansion. Dimensions that were previously shrinking
begin to expand and dimensions that were expanding begin to shrink. It is like
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Figure 8.6: Plot of the energy density as funtion of the osmi time t = τ(T )
in the ase of a pure D3 brane system, namely for the the hoie of parameters
ω = 1, κ = 0 and for the A2 solution with only the highest root swithed on.
a ball that hits a wall and inverts its speed. In the exat solution that we have
onstruted through redution to three dimensions this ours in a smooth way.
There is a maximum and respetively a minimum in the behaviour of ertain
sale fators, whih is in relation with a predominane of the D3brane energy
density with respet to the total energy density. The osmi D3brane behaves
just as an instanton. Its ontribution to the total energy is originally almost
zero, then it raises and dominates for some time, then it exponentially deays
again. This is the smooth exat realization of the potential walls envisaged by
Damour et al.
To appreiate suh a behaviour it is onvenient to onsider some plots of
the sale fators, the energy densities and the pressures. In order to present
suh plots we rst redue the metri (8.23) to a standard osmologial form, by
introduing a new time variable τ suh that:
r[0](t) dt = dτ (8.49)
Expliitly we set:
τ =
∫ T
0
r[0](t) dt (8.50)
and inserting the expliit form of the sale fator r[0](t) as given in eq.(8.24) we
obtain:
τ(T ) =
4 2
3
4
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√
κ2
3 + ω
2
[
2F1
(
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√
κ2
3 +ω
2
2ω ,− 14 , 78 +
√
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3 +ω
2
2ω ,−1
)
− e
T
(
−ω+4
√
κ2
3
+ω2
)
8 2F1
(
− 18 +
√
κ2
3 +ω
2
2ω ,− 14 , 78 +
√
κ2
3 +ω
2
2ω ,−eT ω
)]
(8.51)
whih expresses τ in terms of hypergeometri funtions and exponentials.
In g.(8.1) we observe the billiard phenomenon in a generi ase where both
parameters ω and κ are non vanishing. Sine the value of ω an always be
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resaled by a resaling of the original time oordinate t, we an just set it to 1
and what matters is to distinguish the ase ω 6= 0 where the D3 brane is present
from the ase ω = 0 orresponding to its absene. Hene g.(8.1) orresponds
to the presene of both a D3brane and a dilatonD5brane system. A very
dierent behavior ours in g.(8.2) where ω = 0. In this ase there is no billiard
and the dimensions either shrink or expand uniformly. On the other hand in
g.(8.3) we observe the pure billiard phenomenon indued by the D3-brane in
the ase where no dilaton-D5brane is present, namely when we set κ = 0. In
this ase, as we see, the parallel diretions to the Eulidean D3brane, namely
3489 have exatly the same behaviour: they rst inate and then they deate,
namely there is a maximum in the sale fator. The transverse diretions to
the D3 brane 567 have the opposite behaviour. They display a minimum at the
same point where the parallel diretions display a maximum. In all ases the
diretions 12 orresponding to the spatial diretions of the three dimensional
sigma model world suer a uniform expansion.
Let us now onsider the behavior of the energy densities. In g.(8.4) we
fous on the mixed ase ω = 1, κ = 0.5 haraterized by the presene of both
a D3 brane and dilaton-D5brane system. As we see the total energy density
exponentially dereases at late times and has a singularity at asymptotially
early times. This is like in a standard Big Bang osmologial model with an
indenite expansion starting from an initial singularity. Yet the ratio of the
D3 energy with respet to the total energy has a maximum at some instant of
time and this is the ause of the billiard phenomenon in the behaviour of the
sale fators respetively parallel and transverse to the D3 brane itself. The two
ontributions to the energy density from theD3brane and from the dilaton have
the same sign and the plot of their ratio displays a maximum in orrespondene
with the billiard time. With the same hoie of parameters ω = 1, κ = 0.5 the
physial behavior of the system an be appreiated by looking at the plots of
the pressure eigenvalues. They are displayed in g.(8.5). We observe that the
pressure is negative in the diretions transverse to the D3 brane 12 and 567.
Slowly, but uniformly it inreases to zero in these diretions. In the diretions
parallel to the brane the pressure is instead always positive and it displays a
sharp maximum at the instant of time where the billiard phenomenon ours.
For a pure D3 brane system, namely for κ = 0 and ω = 1 the energy density
starts at zero, develops a maximum and then deays again to zero. This an be
seen in g.(8.6). The plot of the pressures is displayed, for this ase in g.(8.7).
In this ase the pressure in the diretions transverse to the brane, i.e. 12567 is
negative and it is just the opposite of the pressure in the diretions parallel to
the brane, namely 3489. This behavior auses the orresponding sale fators
to suer a minimum and a maximum, respetively.
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Figure 8.7: Plots of the pressure eigenvalues P[α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as
funtions of the osmi time t = τ(T ) in the ase of the hoie of parameters
ω = 1, κ = 0 and for the A2 solution with only the highest root swithed on.
This ase orresponds to a pure D3 brane system.
8.2.5 Properties of the solution with all roots swithed on
Let us now disuss the properties of the seond solution where all the roots have
been exited. In hapter 8.2.2 we onsidered the oxidation of suh a sigma model
solution and we onstruted the orrespondingD = 10 supergravity bakground
given by the metri (8.28, 8.29) and by the eld strengths (8.32). Looking at
eq.s (8.32) we see that the interpretation of the parameter ω is still the same as
it was before, namely it represents the magneti harge of the dyoni D3-brane.
At ω = 0 the D3brane disappears. Yet it appears from eq.s (8.32) that there is
no obvious interpretation of the parameter κ as a pure D5-brane harge. Indeed
there is no hoie of κ whih suppresses both the NS and the RR 3form eld
strengths.
Following the same proedure as in the previous ase we alulate the energy
density and the pressures and we separate the ontributions due to the D3
brane and to the dilatonD5brane system. After straightforward but lengthy
algebrai manipulations, implemented on a omputer with MATHEMATICA
we obtain:
ρd3 =
ω2
4 e
t
(
−5ω
4 +
√
κ2
3 +ω
2
)
(1 + et ω)
5
4
(
1 + et ω + e
t (κ+ω)
2
) 5
4
(8.52a)
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)
We see from the above formulae that the energy density ontributed by
the D3brane system is proportional to ω2 as before and vanishes at ω = 0.
However there is no hoie of the parameter κ whih suppresses the dilaton
D5ontribution leaving the D3ontribution nonzero.
The pressure eigenvalues an also be alulated just as in the previous ex-
ample but the resulting analyti formulae are quite messy and we do not feel
them worthy to be displayed. It is rather onvenient to onsider a few more
plots.
Just as in the previous ase we dene the osmi time through the formula
(8.50). In this ase, however, the integral does not lead to a losed formula in
terms of speial funtions and we just have an impliit denition:
τ(T ) ≡
∫ T
0
e
t
(
−ω
4
+
√
κ2
3
+ω2
)
2
(
1 + et ω
) 1
8
(
1 + et ω + e
t (κ+ω)
2
) 1
8
dt (8.53)
Let us now observe from eq.s (8.29), (8.32) that there are the following
ritial values of the parameters:
1 For ω = 0 and κ 6= 0 there is no D3brane and there is just a Dstring dual
to a D5brane.
2 For κ = ± 32 ω the sale fator in the diretions 34 tends to a nite asymptoti
value respetively at very early or very late times.
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Figure 8.8: Plots of the sale fators r2[α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as funtions
of the osmi time t = τ(T ) with the parameter hoie ω = 0, κ = 3/2 and for
the A2 solution with all the roots swithed on.
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Figure 8.9: Plots of the pressure eigenvalues P [α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as
funtions of the osmi time t = τ(T ) with the parameter hoie ω = 0, κ = 3/2
and for the A2 solution with all the roots swithed on.
The plot of the sale fators for the hoie ω = 0, κ = 3/2 is given in g.(8.8)
As already stressed, this a pure D-string system and indeed the billiard
phenomenon ours only in the diretions 89 that orrespond to the eulidean
Dstring worldsheet. In all the other diretions there is a monotonous behavior
of the sale fators. The D-string nature of the solution is best appreiated by
looking at the behavior of the pressure eigenvalues, displayed in g.(8.9)
As we see the positive bump in the pressure now ours only in the Dstring
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Figure 8.10: Plot of the energy density as funtion of the osmi time t = τ(T )
with the parameter hoie ω = 0, κ = 3/2 and for the A2 solution with all the
roots swithed on.
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Figure 8.11: Plots of the sale fators r2[α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as funtions
of the osmi time t = τ(T ) with the parameter hoie ω = 1, κ = 0.8 and for
the A2 solution with all the roots swithed on.
diretions 89, while in all the other diretions the pressure is the same and
rises monotonously to zero from large negative values. The pressure bump is in
orrespondene with the billiard phenomenon. The energy density is instead a
monotonously dereasing funtion of time (see g.(8.10)).
An intermediate ase is provided by the parameter hoie ω = 1, κ = 0.8 <
3/2. The plots of the sale fators are given in g.(8.11)
The mixture of D3 and D5 systems is evident from the pitures. Indeed
we have now a billiard phenomenon in both the diretions 34 and 89 as we
expet from a D3brane, but the maximum in 34 is muh sharper than in 89.
The maximum in 89 is broader beause it takes ontribution both from the D3
brane and from the Dstring.
The phenomenon is best appreiated by onsidering the plots of the pressure
eigenvalues (see gs. (8.12)) and of the energy density (see gs. (8.13)). In the
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Figure 8.12: Plots of the pressure eigenvalues P [α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as
funtions of the osmi time t = τ(T ) with the parameter hoie ω = 1, κ = 0.8
and for the A2 solution with all the roots swithed on.
pressure plots we see that there is a positive bump both in the diretions 34
and 89, yet the bump in 89 is antiipated at earlier times and it is bigger than
the bump in 34, the reason being the ooperation between the D3brane and
D-string ontributions. Even more instrutive is the plot of the energy densities.
In g.(8.13) we see that the energy density of the D3brane has the usual
positive bump, while the energy density of the dilatonDstring system has a
positive bump followed by a smaller negative one, so that it passes through zero.
At the ritial value κ = 32ω something very interesting ours in the be-
haviour of the sale fators.
As we see from g.(8.14), the sale fator in the diretion 34, rather than
starting from zero as in all other ases starts from a nite value and then always
dereases without suering a billiard bump. The bump is only in the sale
fator 89. Essentially this means that the positive energy of the D3 brane and
the negative one of the D-string exatly ompensate at the origin of time for
these ritial value of the parameters.
8.2.6 Summarizing the above disussion and the osmo-
logial billiard
Summarizing what we have learned from the numerial analysis of the type
IIB osmologial bakgrounds obtained by a spei oxidation of the A2 sigma
model solutions we an say what follows.
The expansion or ontration of the osmologial sale fators in the diag-
onal metri is driven by the presene of eulidean Dbranes whih behave like
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Figure 8.13: Plots of the energy densities as funtions of the osmi time t =
τ(T ) with the parameter hoie ω = 1, κ = 0.8 and for the A2 solution with
all the roots swithed on. The rst piture plots the behaviour of the total
energy density. The seond plots the ratio of the D3brane ontribution to the
energy density with respet to the total density. The third plots the ratio of
the D3brane ontribution with respet to the ontribution of the dilaton D5
brane system. The fourth and the fth piture plot the energy density of the
D3brane and of the dilatonDstring systems, respetively.
instantons (S-branes). Their energydensity and harge are loalized funtions
of time. Alternatively we see that these branes ontribute rather sharp bumps
in the eigenvalues of the spatial part of the stressenergy tensor whih we have
named pressures. Typially there are maxima of these pressures in the spae di-
retions parallell to the eulidean brane worldvolume and minima of the same
in the diretions transverse to the brane. These maxima and minima in the
pressures orrespond to maxima and minima of the sale fators in the same
diretions. Suh inversions in the rate of expansion/ontration of the sale
fators is the osmologial billiard phenomenon originally envisaged by Damour
et al. In the toy A2 model we have presented, we observe just one sattering,
but this is due to the insuient number of branes (roots in the Lie algebra
language) that we have exited. Indeed it is like we had only one wall of a Weyl
hamber. In subsequent publiations we plan to study the phenomenon in more
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Figure 8.14: Plots of the sale fators r2[α], α = 1|2 , 3|4 , 5|6|7 , 8|9 as funtions
of the osmi time t = τ(T ) with the ritial hoie of parameters ω = 1, κ = 3/2
and for the A2 solution with all the roots swithed on.
omplex situations with more algebrai roots swithed on. What is relevant in
our opinion is that we were able to see the postulated bumping phenomenon
in the ontext of exat smooth solutions rather than in asymptoti limiting
regimes.
8.3 Conlusions and perspetives
In [49℄ we developed a onvenient mathematial framework within three dimen-
sional (ungauged) maximal supergravity where to study homogeneous osmo-
logial solutions of type II A or II B theories. Our approah exploited the or-
respondene between homogeneous timedependent solutions in ten and three
dimensions. This mapping was realized through toroidal dimensional redution
from D = 10 to D = 3 or through oxidation from D = 3 to D = 10. The
starting point of our study was the E8(8) orbit desribed by three dimensional
homogeneous solutions and we dened the preise method for onstruting a
generi representative of the orbit from the generating solution whih is dened
only by the radii of the internal seventorus and the dilaton. Exploiting the
solvable Lie algebra (or Iwasawa) representation of the salar manifold in the
three dimensional theory it was possible to ontrol the ten dimensional inter-
pretation of the various bosoni elds. This allows for instane to onstrut
a ten dimensional solution haraterized by ertain (odiagonal) omponents
of the metri or of the tensor elds by oxiding a three dimensional solution
in whih the salar elds assoiated with the orresponding E8(8) roots are
swithed on. As an example we worked out in three dimensions the general
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homogeneous timedependent solution of an A2 model in whih the salar elds
span a SL(3,R)/SO(3) submanifold of E8(8)/SO(16). It was shown that, de-
pending on the embedding of SL(3,R) within E8(8) the ten dimensional solution
obtained upon oxidation of the three dimensional one an have radially dier-
ent physial interpretations in terms of ten dimensional elds. We then foused
on one partiular embedding for whih the axioni elds are interpreted as the
omponents B34, C89 and C3489 of the type II B tensor elds, and aomplished
the oxidation of the solution to ten dimensions. Its behavior, whih has been
desribed in detail in the previous setion, is haraterized by an exhange of
energy between the tensor elds and the gravitational eld whih results in on-
seutive phases of expansion and ontration of the osmologial sale fators
along the diretions dened by the non vanishing omponents of the tensor elds
. This bakground ould be interpreted mirosopially in terms of a system
of spaelike or Sbranes (or SDbranes) [10℄ along the diretions 89 and 3489,
oupled to the KalbRamond eld. It is interesting to make ontat with the
osmologial billiard phenomenon desribing the behavior of solutions to Ein-
stein equations near spaelike singularities. In this limit the evolution of the
salefators/dilatons is desribed by a null trajetory in a hyperboli spae
whih is reeted by walls or hypersurfaes where the energy density of the
axioni elds diverges. Although ours is a dierent kind of analysis whih aims
at the onstrution of exat smooth osmologial solutions, we may retrieve a
similar qualitative desription of the evolution of the salefators/dilaton in
relation to the evolution of the axioni elds. In our formalism the logarithm
σi of the sale fators assoiated with the internal diretions together with the
ten dimensional dilaton φ are desribed by the vetor h(t) in the Eulidean
eightdimensional spae of the E8(8) Cartan subalgebra. The kineti term of
an axion χ assoiated with the positive E8(8) root α ontains the harateristi
exponential fator exp (−2α · h). The orresponding wall in the spae of h is
dened by the equation α · h = 0 and the billiard region by α · h ≥ 0. As it an
be inferred from our solution, the evolution of h(t) is suh that, if we denote
by h‖ the omponent of h along α and by h⊥ its projetion on the hyperplane
perpendiular to α (the wall), as the energy density of χ reahes its maximum
(this temporal region orresponds to the thikness of the Sbranes in the A2
solution) h undergoes a reetion. This is most easily illustrated for example
in the A2 solution with just one root swithed on (namely α[80]). In this ase
the omponent of h˙ parallel to α[80] undergoes a ontinuous sign inversion from
negative values to positive ones while |h˙⊥| is onstant and proportional to the
time derivative of the dilaton :
h˙‖ → −h˙‖ ; |h˙⊥| = k
2
√
6
∝ φ˙ = onst. (8.54)
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The roots in the A2 system are not enough to dene a nite volume bil-
liard whih would result in an osillatory behavior of the solution. Indeed,
using for h the parametrization in terms of the variables x, y, namely h =
{x, x, y, y, y,−y,−y, y}, the billiard region is dened by the dominant walls
α[69] · h = 0, α[15] · h = 0:
x ≥ 0 ; y ≤ −x
3
(8.55)
whih is an open region. This explains the Kasnerlike (nonosillatory) behav-
ior of our solution for t→ +∞.
More general ten dimensional homogeneous solutions deriving from the ou-
pling of gravity with purely metri 10 dimensional bakgrounds were analized
by some of the authors of [49℄ in [118℄, in whih they addressed the related
question to dene how many independent orbits of osmologial solutions there
are under the ation of the U -duality group.
In partiular, exploiting rst the lassiation of all the possible regular
embeddings Gr →֒ E8, r ≤ 8 subalgebras, then the lassiation of the Weyl
orbits of the Gr root system within the E8 root system, the authors proved
that all regular embeddings of eah Ar subalgebras inside E8(8) fall into a single
Weyl orbit, with the exeption of A7, whih falls into two distint one.
They hose a purely metri anonial representative embedding of the A2
sigma model, then oxided the three-dimensional solutions found [49℄ and even-
tually studied their geometrial and physial properties. The simplest solution,
whih has only the highest of the three roots assoiated to nihilpotents elds
swithed on and the fundamental parameter κ set to zero, provides an exat
example of Bianhi type 2A metri in four dimensions. Moreover, the solution
with κ 6= 0 leads to a nontrivial evolution of the sale fator in the fth dimen-
sion whih, after a Kaluza Klein redution an be reinterpreted as a Bianhi type
2A metri with salar matter ontent. The same holds for the solutions with
all the roots swithed on: they produe further examples of type 2A Bianhi
osmologies with salar and vetor matter ontents.
All these solutions are homogeneous but not isotropi, and they show the
peuliar osmologial billiard feature.
A onrete step towards the understanding of billiard dynamis has been
done in [119℄. The main investigation in this sense would involve derivation of
exat solutions diretly in a D = 2 or D = 1 ontext where Ka£Moody sym-
metries beome manifest. Although the appearane of Ka£Moody extensions
is algebraially well established, their exploitation in deriving solutions is not
as lear as the exploitation of ordinary symmetries. In [119℄, the authors try to
larify the eld theoretial realization of the Ka£Moody extensions, this being
the prerequisite for their utilization in deriving billiard dynamis. In partiular
they have shown that there is a general mehanism underlying the ane Ka£
Moody extension of the D=3 algebra UD=3 when stepping down to D = 2 and
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that this mehanism follows a general algebrai pattern for all supergravity the-
ories, independently of the number of superharges NQ. This mehanism relies
on the existene of two dierent redution shemes fromD = 4 toD = 2, respe-
tively named the Ehlers redution and the MatznerMissner redution, whih
are non loally related to eah other. Niolai observed this phenomenon time
ago in the ase of pure gravity (or better of N=1 pure supergravity)[120℄ and
showed that one obtains two idential lagrangians, eah displaying an SL(2,R)
symmetry. The elds appearing in one lagrangian have a non loal relation to
those of the other lagrangian and one an put together both SL(2,R) algebras.
One algebra generates loal transformations on one set of elds the other alge-
bra generates non loal ones. Together the six generators of the two SL(2,R)
provide a Chevalley basis for the Ka£Moody extension SL(2,R)
∧
namely for
A∧1 . The analysis in [119℄ is an extension of the argument by Niolai. For a
generi supergravity theory, the two redution shemes Ehlers and Matzner
Missner lead to two dierent lagrangians with dierent loal symmetries. The
rst is a normal σmodel the seond is a twisted σmodel. The authors disuss
in detail the symmetries of both theories, thus writing down a preise eld the-
oreti realization of the ane symmetries setting the basis to exploit them in
billiard dynamis.
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Appendix A
Projetion of generalized
Langland's boundary states
This appendix ontains a areful omputation of the projetion of generalized
Langlands boundary states (2.58) and (2.59) on the onstraints in equation
(2.62). Dealing with the ompatied boson, the only hiral elds involved be-
sides Virasoro elds are the holomorphi and antiholomorphi urrents J(ζ) J¯(ζ¯)
generating the Heisenberg algebra (2.35). Being the urrent algebra abelian, the
possible gluing maps redues to:
J(ζ) = J¯(ζ¯) (A.1a)
J(ζ) = − J¯(ζ¯) (A.1b)
whih, trought radial quantization, are respetively mapped into
(an + a−n) ‖B〉〉 = 0, (A.2a)
(an − a−n) ‖B〉〉 = 0. (A.2b)
The Sugawara onstrution (2.6) ensures that this onditions are suients
to enfore onformal invariane enoded in (2.14).
To work out the projetion of (A.2) over Generalized Langlands boundary
states, It is onvenient to introdue, for eah given n ≥ 1, the auxiliary states∣∣∣rα(µ,ν)(S(−)ε(k))〉
n
.
=
∑
m1,m2
A
n
m1,m2(a
α
n, a
α
−n)
(
aα−n
)m1 (
aα−n
)m2
√
nm1+m2m1!m2!
|(µα, να)〉 , (A.3)
(one denes similarly the states
∣∣∣lα(µ,ν)(S(+)ε(k))〉
n
assoiated with∣∣∣rα(µ,ν)(S(+)ε(k))〉).
From ondition (A.2b) (for n = 0) we get
λα(µ,ν) − λ
α
(µ,ν) = 0. (A.4)
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whih selets, at a generi value of the ratio
L(k)
Rα(k) , the highest weight state
|(µα, 0)〉 =
∣∣∣λα(µ,0)〉 ⊗ ∣∣∣λα(µ,0)〉 (A.5)
i.e. the winding number does not ontribute to the left and right momenta
assoiated with this Verma module
aα0 |(µα, 0)〉 = µα LRα |(µα, 0)〉
µα ∈ Z
aα0 |(µα, 0)〉 = µα LRα |(µα, 0)〉
. (A.6)
Similarly, the onstraint (A.2a) provides the ondition
λα(µ,ν) + λ
α
(µ,ν) = 0. (A.7)
whih selets, at generi value of the ratio
L(k)
Rα(k) , the highest weight state:
|(0, να)〉 =
∣∣∣λα(0,ν)〉⊗ ∣∣∣λα(0,ν)〉 (A.8)
suh that
aα0 |(0, να)〉 = 12ναR
α
L |(0, να)〉
να ∈ Z
aα0 |(0, να)〉 = − 12να R
α
L |(0, να)〉
. (A.9)
Before onsidering the onditions (A.2) for n 6= 0, let us impose the ondi-
tion projeting the
∣∣∣rα(µ,ν)(S(−)ε(k))〉 into an atual physial state:(
L
α
0 − L
α
0
) ∣∣∣rα(µ,ν)(S(−)ε(k))〉 = 0. (A.10)
From the ommutation relation[
aαj , (a
α
−n)
m1
]
= m1jδj−n,0(aα−n)
m1−1, (A.11)
one omputes(
L
α
0 − L
α
0
) ∣∣∣rα(µ,ν)(S(−)ε(k))〉 = µανα ∣∣∣rα(µ,ν)(S(−)ε(k))〉+ e√−1tα+(λα(µ,ν)+λα(µ,ν))·
(A.12)
·
∞∏
n=1
∑
m1,m2
A
n
m1,m2n(m1 −m2)
(
aα−n
)m1 (
aα−n
)m2
√
nm1+m2m1!m2!
|(µα, να)〉 ,
whih, together with the U(1) onstraints, (implying that µανα = 0), shows
that the physial states are haraterized by the further requirement
m1 = m2.
For j 6= 0, the ation of the operators aαj on the boundary states
∣∣∣rα(µ,ν)(S(±)ε(k))〉
is non-trivial when j > 0, and it an be worked out by onsidering the auxiliary
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∣∣∣lα(µ,ν)(S(±)ε(k))〉
n
for eah value of n ≥ 1. In detail, let us onsider the state∣∣∣lα(µ,ν)(S(−)ε(k))〉
n
, (with m1 = m2 = m ≥ 1; the ation of the annihilator aαj being
trivial on m = 0),
aαj
∣∣∣lα(µ,ν)(S(−)ε(k))〉
n
=
∞∑
m=1
A
j
m
(mj)
(
aα−j
)m−1 (
aα−j
)m
jmm!
|(µα, να)〉 (A.13)
= aα−j
∞∑
m=1
A
j
m
(
aα−j
)m1−1 (
aα−j
)m2−1
jm−1(m− 1)! |(µ
α, να)〉 .
From the denition of Ajm, and the following reursion relation for Laguerre
polynomials
L−1m (x) = Lm(x) − Lm−1(x), (A.14)
we get
A
j
m = e
2πs
√−1
A
j
m−1 + e
−2j|aαj |2e2πsm
√−1L−1m (4j|aαj |2). (A.15)
Inserting this latter into (A.13) provides
aαj
∣∣∣lα(µ,ν)(S(−)ε(k))〉
n
= e2πs
√−1aα−j
∣∣∣lα(µ,ν)(S(−)ε(k))〉
n
+
+e−2j|a
α
j |2e2πsm
√−1aα−j
∑
m
L−1m (4j|aαj |2)
(
aα−j
)m−1 (
aα−j
)m−1
jm−1(m− 1)! |(µ
α, να)〉 ,
from whih it immediately follows that the Neumann ondition
(aαj − aα−j)
∣∣∣lα(µ,ν)(S(−)ε(k))〉(N)
n
= 0 (A.16)
requires s ∈ Z and L−1m (4j|aαj |2) = 0, viz. aαj ≡ 0 ∀j, whereas for the
Dirihlet ondition
(aαj + a
α
−j)
∣∣∣lα(µ,ν)(S(−)ε(k))〉(D)n = 0 (A.17)
we need s ∈ 12Z and aαj ≡ 0 ∀j. Sine Anm(aαn = 0) = e2πms
√−1
, and
∑
m
A
n
m
(
aα−n
)m (
aα−n
)m
nmm!
=

exp
(
1
n
(
aα−n
) (
aα−n
))
, s ∈ Z
exp
(− 1n (aα−n) (aα−n)) , s ∈ 12Z , (A.18)
the orresponding boundary states are provided by∣∣∣rαµ(S(−)ε(k))〉(D) = e√−1tα+µα LRα exp
( ∞∑
n=1
1
n
(
aα−n
) (
aα−n
)) |(µα, 0)〉 , (A.19)
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and ∣∣∣rα(S(−)ε(k))〉(N) = exp
( ∞∑
n=1
− 1
n
(
aα−n
) (
aα−n
)) |(0, να)〉 . (A.20)
Note that (up to the weighting fator in (A.20)) these states are nothing but the
Dirihlet and Neumann Ishibashi states assoiated with the free bosoni eld
Xα(k)|− on the irle S(−)ε(k).
Appendix B
Conformal properties of
Boundary Insertion Operators
Boundary Insertion Operators live on the ribbon graph, thus their interations
are guided by the trivalent struture of Γ. In this appendix we report an exhaus-
tive analysis whih shows that this struture allows to dene all fundamental
oeients weighting the self-interation of boundary insertion operators. Two
points funtions are well dened on the edges of the graph, while OPE oef-
ients naturally denes the fusion of dierent boundary insertion operators
interating in N2(T ) tri-valent vertexes of Γ. Moreover, we an dene a set of
sewing onstraint these oeients must satisfy. Remarkably, these onstraints
are perfetly analogues to the sewing onstraint introdued in [73℄ for boundary
onditions hanging operator, thus enforing the analogy between these latters
and BIOs.
Due to their CVO analogue struture, we are able to speify the onformal
properties of these operators. BIOs are primary operators of the boundary hiral
algebra, thus they have a well-dened onformal dimension whih, in this ase,
oinide with the highest weight of the Vλ(p, q) module of the U(1) (Virasoro)
algebra:
H(p, q) =
1
2
λ(p, q)2 (B.1)
As usual, the onformal invariane xes to zero the one point funtion:
〈ψB(q)A(p)λ(p,q) 〉 = 0 (B.2)
while, for the two-points funtion, it is a priori possible to onstrut two types of
orrelators between BIOs whih mediate the hanging in boundary onditions
between the two adjaent ylinder ∆∗ε(p) and ∆
∗
ε(q):a rst one will orrelate
two operators whih both mediate the hanging in the p-to-q diretion (or,
equivalently, whih mediate both the hanging in the q-to-p diretion). The
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λ (p,q)ψ
A(p)B(q)
λ(q,p)λ (p,q)ψ
C(p)D(q)
λ (p,q)ψ
A(p)B(q)
z(p,q)
C(p)
D(q)B(q)
A(p)
z(p,q)
C(p)
D(q)B(q)
A(p)
ψ C(p)D(q)
ba
Figure B.1: Two-point funtions
seond type will orrelate two BIOs whih mediate one in the p-to-q diretion
and the other in the q-to-p one (see gure B.1).
The former situation, depited in gure B.1a, leads to:
〈ψB(q)A(p)λ(p,q) (x1(p, q))ψC(p)D(q)λ′(q,p) (x2(q, p))〉 =
b
B(q)A(p)
λ(p,q) δλ(p,q)λ′(p,q)δ
A(p)C(p)δB(q)D(q)
|x1(p, q) − x2(p, q)|2H(p,q)
(B.3)
Note that the Kroneker delta funtion is used to let the two boundary
onditions on the same oriented edge of the strip to be ompatible. In the usual
BCFT boundary elds orrelators, the two elds are taken to perform two serial
swith in boundary ondition, and this leads to a dierent equalities between
boundary onditions indexes. Here, however, the two operators at in a parallel
way, and this justies our hoie for delta funtions.
Obviously, the seond situation, depited in gure B.1b, leads to the same
result beause of transformation law (3.11):
〈ψB(q)A(p)λ(p,q) (x1(p, q))ψC(p)D(q)λ′(q,p) (x2(q, p))〉 =
b
B(q)A(p)
λ(p,q) δλ(p,q)λ′(p,q)δ
A(p)C(p)δB(q)D(q)
|x1(p, q) − x2(p, q)|2H(p,q)
(B.4)
To analyze the onformal properties of BIOs and dene ompletely the equiv-
alene between them and usual boundary operators in CFT, let us onsider
what happens in eah vertex of the underling triangulation (the situation is the
one depited in gure B.2). Let us onsider the generi vertex of the triangula-
tion ρ0(p, q, r) and its uniformizing neighborhood unit disk
(
Uρ0(p,q,r), ω(p, q, r)
)
.
The BIOs are well dened on the disk beause of the transition funtions dened
in (1.30). The vertexes of the triangulation are the natural point in whih to
dene the fusion between BIOs oming from dierent edges via their OPE.
Let us take three points in an ǫ-neighborhood of the vertex ω = 0, denoting
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Figure B.2: Two-point funtions
with
ωr =
ǫ
3
e
pi
6 ∈ Uρ0(p,q,r) ∩ Uρ1(r,p) (B.5)
ωp =
ǫ
2
e
5pi
6 ∈ Uρ0(p,q,r) ∩ Uρ1(p,q) (B.6)
ωq = ǫ e
3pi
2 ∈ Uρ0(p,q,r) ∩ Uρ1(q,r) (B.7)
their oordinates, and let us fous our attention the three elds ψ
A(p)C(r)
λ(r,p) (ωr),
ψ
B(q)A(p)
λ(p,q) (ωp) and ψ
C(r)B(q)
λ(q,r) (ωq) whih mediate pairwise the boundary ondi-
tions between the boundaries of ρ2(r) and ρ2(p), ρ2(p) and ρ2(q) and ρ2(q) and
ρ2(r) respetively (as usual, the diretion of the ation of BIOs is given by the
notation).
In the limit ǫ→ 0 the produt of the two elds ψA(p)C(r)λ(r,p) and ψC(r)B(q)λ(q,r) will
mediate the hanging in boundary onditions from B(q) to A(p), thus the OPE
of these two elds must be expressed as a funtion of a ψ
A(p)B(q)
λ(q,p) -type eld:
ψ
A(p)C(r)
λ(r,p) (ωr)ψ
C(r)B(q)
λ′(q,r) (ωq) ∼∑
λ′′(q,p)∈Y
CA(p)C(r)B(q)λ(r,p)λ′(q,r)λ′′(q,p)|ωr − ωq|H(q,p)−H(r,p)−H(q,r)ψA(p)B(q)λ′′(q,p) (ωq)
(B.8a)
This situation is desribed by the ontinuous arrows in g. B.2
In the same way we an write the other two naturally dened OPES:
ψ
C(r)B(q)
λ(q,r) (ωq)ψ
B(q)A(p)
λ′(p,q) (ωp) ∼∑
λ′′(p,r)∈Y
CC(r)B(q)A(p)λ(q,r)λ′(p,q)λ′′(p,r)|ωr − ωq|H(q,p)−H(r,p)−H(q,r)ψC(r)A(p)λ′′(p,r) (ωp)
(B.8b)
desribed by the dashed arrows in g. B.2, and
ψ
B(q)A(p)
λ(p,q) (ωp)ψ
A(p)C(r)
λ′(r,p) (ωr) ∼∑
λ′′(q,p)∈Y
CB(q)A(p)C(r)λ(p,q)λ′(r,p)λ′′(r,q)|ωr − ωq|H(q,p)−H(r,p)−H(q,r)ψB(q)C(r)λ′′(r,q) (ωr) (B.8)
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desribed by the dotted arrows in g. B.2
The omplete desription of the interation of the N0 BCFTs passes trough
the determination of the OPE oeients of the BIOs CA(·)B(·)C(·)λ(·,·)λ′(·,·)λ′′(·,·), dened
for A, B, C ∈ A and λ, λ′, λ′′ ∈ Y.
To obtain this result, it is rst of all neessary to prove that our desription
is totally equivalent with the usual BCFT formulation. This an be ahieved via
demonstrating that the OPE oeients and the normalization fator entering
in (B.3) satisfy both the yli symmetry and the sewing onstraint whih derive
from the three points and four points funtions in the usual formulation of a
Boundary Conformal Field Theory. Let us start from onsidering the three
points funtion whih arise naturally in the vertex ρ0(p, q, r), whih must be
ylially invariant. Thus:
〈ψA(p)C(r)λ(r,p) (ωr)ψC(r)B(q)λ′(q,r) (ωq)ψB(q)A(p)λ′′(p,q) (ωp) 〉 =
〈ψB(q)A(p)λ′′(p,q) (ωp)ψA(p)C(r)λ(r,p) (ωr)ψC(r)B(q)λ′(q,r) (ωq) 〉 =
〈ψC(r)B(q)λ′(q,r) (ωq)ψB(q)A(p)λ′′(p,q) (ωp)ψA(p)C(r)λ(r,p) (ωr) 〉 (B.9)
If we exploit the OPEs dened in (B.8), from eah identity in the previous
equation we obtain the following relations between the OPEs oeients:
CA(p)C(r)B(q)λ(r,p)λ′(q,r)λ′′(q,p) dA(p)B(q)λ′′(q,p) = CB(q)A(p)C(r)λ′′(p,q)λ(r,p)λ′(r,q) dB(q)C(r)λ′(r,q) (B.10)
CA(p)C(r)B(q)λ(r,p)λ′(q,r)λ′′(q,p) dA(p)B(q)λ′′(q,p) = CC(r)B(q)A(p)λ′(q,r)λ′′(p,q)λ(p,r) dC(r)A(p)λ(p,r) (B.11)
CB(q)A(p)C(r)λ′′(p,q)λ(r,p)λ′(r,q) dB(q)C(r)λ′(r,q) = CC(r)B(q)A(p)λ′(q,r)λ′′(p,q)λ(p,r) dC(r)A(p)λ(p,r) (B.12)
where the d
A(p)B(q)
λ′′(q,p) are the normalization oeients of the two point fun-
tions in the
(
Uρ0(p,q,r), ω(p, q, r)
)
frame:
d
A(p)B(q)
λ(q,p) =
∣∣∣∣ dωdz(q, p)
∣∣∣∣−H(q,p)
ω=ωq
∣∣∣∣ dωdz(q, p)
∣∣∣∣−H(q,p)
ω=ωp
b
A(p)B(q)
λ(q,p) , (B.13)
whih satises the obvious property d
A(p)B(q)
λ(q,p) = d
B(q)A(p)
λ(p,q) .
Moreover, if we take the two dierent OPEs in the rst term of (B.9), we
obtain the usual sewing onstraint:
CA(p)C(r)B(q)λ(r,p)λ′(q,r)λ′′(q,p) CA(p)B(q)A(p)λ′′(q,p)λ′′(p,q)0 = CC(r)B(q)A(p)λ′(q,r)λ′′(p,q)λ(p,r) CA(p)C(r)A(p)λ(r,p)λ(p,r)0 (B.14)
where 0 is the singlet label. To omplete this analysis, we would need to hek
sewing onstraints arising from the four-points funtion behavior. We leave this
further investigation to the next hapter, in whih will see that the behavior of
the four points funtion is fundamental to dene the ation of BIOs on the full
surfae. This analysis, together with properties outlined in setion proves the
omplete equivalene between the usual ation of boundary hanging onditions
operators on the upper half plane (UHP) boundary, and our partiular model,
in whih BIOs merge dynamially the N0 opies of an UHP-dened BCFT.
Appendix C
An introdution to truly
marginal deformations of
boundary onformal eld
theories
The oupling of a String theory with a generi bakground eld orresponds in a
mirosopi CFT desription to a deformation of the model. This deformation
is formally obtained modifying the ation with a perturbative term:
S → S′ = S + g
∫
d2zO(z, z) (C.1)
For the theory to remain onformally invariant, the operator must be a
marginal operator, i.e. O(z, z) must at least have onformal dimension (1,1) in
order to let the integrated quantity be dimensionless.
Let us assume one is given a ertain Lagrangian L dening an exatly solv-
able Conformal Field Theory on a two dimensional manifold Σ (thus we know
the entral harge of the Virasoro algebra, the spetrum of the model and the
assoiated Vertex algebra). A deformation of this model is obtained by adding
a perturbative term to the ation:
L → L′ = L +
∑
i
gifi(z, z) (C.2)
where fi(z, z) are some operators in the spetrum of the theory dened by L,
while gi are some oupling onstants. In this onnetion, a Conformal Field
Theory an be dened as a xed point in the innite dimensional spae of
theories parametrized by the oeients of possible operators suh as in equation
(C.2).
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Let us onsider the simpler ase in whih we add to L a single operator
f(z, z¯) with oeient g. In a Renormalization Group (RG) approah, one the
operator is added with a ertain value of the oeient, the theory (i.e. the
oeient value) ows along a RG trajetory as the energy sale µ is hanged.
The behavior of the oupling is haraterized by the β-funtion
β(g) ≡ µ∂g
∂µ
(C.3)
One an imagine the existene of a xed point of suh ows when β(g) = 0
thus g(µ) = g and the oupling tend to that spei value, as shown in g. C.1.
λ
λ
β(λ)
λ
β(λ)
λ
Figure C.1: Flows
On the left, g is an IR xed point, sine the oupling tends to this value for
dereasing µ. On the ontrary, on the right, the theory is an UV xed point,
sine the oupling onstant tends to the xed point value for inreasing energy
sale.
The spetrum of operators assoiated with L an be divided into the follow-
ing ategories:
• Operators whose onformal dimension is larger than (1,1), whih are alled
irrelevant operators. The orrespondent oupling onstant has a negative
mass dimension. If one adds an irrelevant operator to a CFT exat La-
grangian, one nds that the oupling onstant in the new Lagrangian
dereases to zero in the IR limit, thus the name itself.
• Operators whose onformal dimension is smaller than (1,1), whih are
alled relevant operators. The orresponding oupling onstant has a pos-
itive mass dimension and, adding suh an operator to L one nds that in
the new model, g ows to a larger value in the IR. Moreover, if the theory
is unitary, it will ow to a smaller c value one.
• Operators whose dimension is exatly (1,1). They are alled marginal
operators, and their assoiated oupling onstants are dimensionless. They
do not break the sale invariane of the model expliitly, thus they do not
take away the CFT from the xed point. However, the oupling onstants
Deformations of a boundary onformal eld theory 171
an hange under renormalization. This leads the marginal operators to
subdivide into three lasses:
 Marginal operators whose ouplings in the modied Lagrangian are
IR free on the worldsheet. Thus these operators turn out to be irrele-
vant ones. They dier from operators irrelevant at the lassial level
beause they derease logarithmially and not power-like towards the
infrared.
 Marginal operators whose ouplings gi under the modied Lagrangian
are asymptotially free, thus inrease logarithmially towards the in-
frared. They are then relevant operators.
 Marginal operators whose addition to the Lagrangian L maintains
the ouplings gi dimensionless. This promotes L to a family of CFTs.
These operators are alled truly marginal and form a basis for a family
for neighborhood of CFTs.
C.1 Deformations of a boundary onformal eld
theory
We want to desribe the eets of perturbations of a boundary ondition gen-
erated by marginal operators, in partiular marginal boundary elds. We will
show that a ertain lass of perturbations, whih in [78℄ are alled analyti defor-
mations, are truly marginal at all orders in the perturbation expansion. These
perturbations are indued by self-loal boundary operators of dimension one.
Denition 3 Mutually loal boundary elds
Let {ϕλ(z, z¯) = Φ(|ϕλ〉; z, z¯)} and {ψν(x) = Φ(|ψν〉; x)} be respetively the
olletion of bulk and boundary elds of a given BCFT. Let us onsider the
orrelator
〈ψ1(x1) · · ·ψn(xn)ψ1(z1, z¯1) · · ·ψN (zN , z¯N )〉α, xν < xν+1, (C.4)
where α denotes the given boundary ondition on the real axis. These funtions
are analyti in the variables zi, i = 1, . . . , N throughout the whole UHP ℑz > 0.
For the variables xν , ν = 1, . . . , N , the analiity domain is restrited to the
interval x ∈]xν−1, xν+![ on the boundary. In most ases, there are no unique
analyti ontinuation of the orrelation funtions to exhange the position of two
two neighboring boundary elds, sine the result may depend on the orientation
of the path we analytially ontinue the orrelator (see g. C.2).
In this onnetion, two boundary elds ψν1(x1) = Φ(|ψν1〉; x1) and ψν2(x2) =
Φ(|ψν2〉; x2) are said to be mutually loal if
Φ(|ψν1〉; x1)Φ(|ψν2〉; x2) = Φ(|ψν2 〉; x2)Φ(|ψν1 〉; x1), x1 < x2 (C.5)
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x ν−1
x ν x ν+1
Figure C.2: Curves along whih orrelators of bulk and boundary operators an
be analytially ontinued
where the last relation holds if inluded into an arbitrary orrelator funtion of
bulk and boundary elds. Obviously, to make sense it requires that an unique
analyti ontinuation from x1 < x2 to x2 < x1 does exist.
Denition 4 Self-loal boundary elds
A boundary eld ψν(x) is alled self-loal or analyti if it is mutually loal
with respet to itself.
Let us notie that denition 4 onstraints the OPE of a self-loal boundary
eld to ontain only pole singularities. In partiular, the OPE of a self-loal
boundary eld ψ(x) with hψ = 1, is:
ψ(x1)ψ(x2) ∼ K
(x1 − x2)2 (C.6)
where K is a real onstant.
C.1.1 The general presription
To desribe truly marginal perturbations of a CFT in a general ontest, let
us onsider a Boundary Conformal Field Theory dened on the Upper Half
plane ℑz ≥ 0. Its state spae will be labelled by a ouple of parameters (Ω, α)
where Ω identies the gluing map along the real line, while α is the given
boundary ondition. We an use boundary operators ψ(x) ∈ Ψ(H) to dene a
new perturbed theory. Aording to the general formula (C.2), the deformed
model is obtained by adding to the ation the operator:
S′ = g
∫ +∞
−∞
dx
2π
ψ(x) (C.7)
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Thus, perturbed orrelators are obtained by the unperturbed ones by the formal
presription:
〈ϕ1(z1, z¯1) · · ·ϕN (zN , z¯N )〉α;λϕ = Z−1 · 〈Iλϕϕ1(z1, z¯1) · · ·ϕn(zn, z¯n)〉α
:= Z−1
∑
n
gn
∫
· · ·
∫
xi<xi+1
dx1
2π
· · · dxn
2π
〈ψ(x1) · · ·ψ(xn)ϕ1(z1, z¯1) · · ·ϕn(zn, z¯n)〉α
= Z−1
∑
n
gn
n!
∑
σ∈Sn
∫
· · ·
∫
xσ(i)<xσ(i+1)
dx1
2π
· · · dxn
2π
× 〈ψ(x1) · · ·ψ(xn)ϕ1(z1, z¯1) · · ·ϕn(zn, z¯n)〉α (C.8)
where g is the real oupling onstant and the seond sum runs over all the
elements of the permutation group Sn. The operator Igϕ has to be understood
as the path-ordered exponential of the perturbing term (C.7), Igϕ = P expS
′
,
and the normalization is dened as the expetation value Z = (Aα0 )
−1〈Igϕ〉. If
other boundary elds are inluded in the unperturbed orrelator, presription
(C.8) has to be modied in order to inlude all boundary elds in the path
ordering.
To make sense of (C.8) beyond the formal level, integrals need to be regular-
ized, introduing suitable IR and UV utos, while oupling and eld have to be
renormalized. In the following, we will not enounter IR-divergenies (whih are
usually ured by putting the system in a nite box, i.e. by onsidering nite-
temperature orrelators). On the other hand, we will deal with UV-divergent
integrals. Thus, let us regularize them introduing a UV-uto ǫ, to let inte-
grals domains be restrited to regions |xi − xj | > ǫ and to let integrals beame
UV-nite before taking the limit ǫ→ 0.
In the following, we will analyze deformations generated by truly marginal
operators, i.e. operators with h = 1. At RG x-points, al CFT deformations
share the fat that loal properties of the bulk theory are not aeted by the
boundary ondensate. Thus, boundary deformations atually will only involve
hanges in boundary onditions.
Let us start disussing the hange indued by a boundary eld ψ(x) on
the two point funtion of the boundary eld itself 〈ψ(x)ψ(x)〉α . First order
ontributions will involve the following integrals:∫ x1−ǫ
−∞
dx 〈ψ(x)ψ(x1)ψ(x2)〉α+∫ x2−ǫ
x1+ǫ
dx 〈ψ(x1)ψ(x)ψ(x2)〉α +
∫ ∞
x2+ǫ
dx 〈ψ(x1)ψ(x2)ψ(x)〉α (C.9)
From the general form for a three points funtion we get
〈ψ(x1)ψ(x2)ψ(x3)〉α =
Cαψψψ
(x1 − x2) (x1 − x3) (x2 − x3) (C.10)
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we easily notie that the rst order ontribution to the perturbed two points
funtion logarithmially diverges unless the struture onstants Cαψψψ would
vanish. This divergene would let the onformal weight hψ ow away from hψ =
1, thus a boundary eld ψ is not truly marginal unless Cαψψψ . Moreover, if there
are more boundary elds in a BCFT, then a marginal eld ψ is truly marginal
only if Cαψψψ′ = 0 for all marginal boundary elds {ψ′} in the theory. Equation
(C.6), together with (3.9), shows that self-loal operators satisfy this (neessary
but not suient - as a matter of fat true marginality is not guaranteed at
higher orders of the perturbative expansion) rst order ondition.
C.1.2 Truly marginal operators: the ase of hiral elds
The disussion an be pursued further: as a matter of fat, it is possible to prove
that every self-loal marginal boundary operator is indeed truly
marginal to eah order and it generates a deformation of a BCFT.
To this end, let us onsider a perturbing self-loal marginal eld ψ(x) and let
us rewrite the regularized deformed orrelators of bulk elds as:
〈ϕ1(z1, z¯1) · · ·ϕN (zN , z¯N)〉ǫα;gϕ =
Z−1
∑
n
gn
n!
∫ +∞
−∞
· · ·
∫ +∞
−∞
dx1
2π
· · · dxn
2π
〈ψ(x1) · · ·ψ(xn)ϕ1 · · ·ϕN 〉α (C.11)
where the integrations are performed on the real axes with the UV-uto de-
sribed above. Inluding (C.6) in (C.11), we an show that logarithmi diver-
genes anel out and the ǫ → 0 limit is well dened. Due to self-loality, the
nal result of the limit proedure is:
〈ϕ1(z1, z¯1) · · ·ϕN (zN , z¯N)〉α;gϕ = lim
ǫ→0
〈ϕ1(z1, z¯1) · · ·ϕN (zN , z¯N)〉ǫα;gϕ =∑
n
gn
n!
∫
γ1
· · ·
∫
γn
dx1
2π
· · · dxn
2π
〈ψ(x1) · · ·ψ(xn)ϕ1 · · ·ϕN 〉α, (C.12)
where the various γi are straight lines parallel to the real axis parametrized as
ℑz = i ǫi . The rhs of equation (C.12) is nite and independent from ǫ as long
as ǫ < ℑzi ∀i = 1, . . . , N , where {zi} are the bulk elds insertion points. Thus,
formula (C.12) allows to onstrut the perturbed bulk elds orrelators to all
orders in perturbation theory.
The extension of the above formula to mixed orrelator, ontaining both
bulk and boundary elds, is not straightforward. As a matter of fat (C.12) an
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be extended to:
〈ψ1(u1) · · ·ψM (uM )ϕ1(z1, z¯1) · · ·ϕN (zN , z¯N )〉α;gϕ =
lim
ǫ→0
〈ϕ1(z1, z¯1) · · ·ϕN (zN , z¯N )〉ǫα;gϕ =
Z−1
∑
n
gn
n!
∫ +∞
−∞
· · ·
∫ +∞
−∞
dx1
2π
· · · dxn
2π
〈ψ(x1) · · ·ψ(xn)ψ1 · · ·ψM ϕ1 · · ·ϕN 〉α,
(C.13)
if and only if the boundary elds are loal with respet to the perturbing eld.
Even in those ases, integrals on the rhs of (C.13) diverges when ǫ→ 0 whenever
the iterated OPE of the perturbing eld with one of the boundary elds ontains
an even pole. Renormalization of suh divergenies is worked out introduing
renormalized boundary operators:
ψ˜i =
[
e
1
2 gψ ψi
]
(ui)
.
=
∞∑
n=0
gn
2nn!
∮
C1
dx1
2π
∮
Cn
dxn
2π
ψi(ui)ψ(x1) · · ·ψ(xn)
(C.14)
and ontour integration (see [78℄ and referenes therein), so that the perturbed
orrelator beomes:
〈ψ1(u1) · · ·ψM (uM )ϕ1(z1, z¯1) · · ·ϕN (zN , z¯N )〉α;gϕ =
lim
ǫ→0
〈ϕ1(z1, z¯1) · · ·ϕN (zN , z¯N )〉ǫα;gϕ =∑
n
gn
n!
∫
γ1
· · ·
∫
γn
dx1
2π
· · · dxn
2π
〈ψ(x1) · · ·ψ(xn)ψ˜1 · · · ψ˜M ϕ1 · · ·ϕN 〉α, (C.15)
where the Cµ are small irles surrounding the ψi insertion point.
Looking at (C.14) the funtional form of boundary elds is left unhanged by
the renormalization proedure, sine integrals on the rhs of (C.14) pik up only
simple poles. Thus, the elds ψ and ψ˜ have the same onformal dimension, and
ψ˜ an be regarded as the rotation of ψi generated by the perturbing
field ψ.
Let us analyze deformations of n-point funtions of the perturbing eld itself.
Integrals on the rhs of (C.14) vanish, sine OPE (C.6) does not ontain simple
poles. Thus, ψ˜ and ψ oinide, and equation (C.6) fores all ontour integrals
in (C.15) to vanish if there are no bulk elds inserted on the UHP. Hene, any
perturbative orretion to the n-point funtion of ψ vanish, i.e. eah marginal
boundary operator is truly marginal to all orders of the perturbed theory.
Let us onlude this introdutory setion restriting our analysis to boundary
ondensates made up by elements of the hiral a algebra, i.e. elds assoiated to
elements of Hu(1)01 (see omments after formula (2.11)). These marginal elds
are loal with respet all bulk and boundary elds, thus formula (C.13) an be
diretly applied to ompute deformations of arbitrary bulk and boundary elds
orrelators.
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As remarked above, truly marginal perturbations atually generates only
hanges in boundary onditions. Thus, let us analyze eets of swithing on a
hiral boundary ondensate on the gluing map Ω assoiate to a given BCFT.
To this end, let us insert W (z+2iδ)−ΩW¯ (z¯− 2iδ), with z = z¯, in an arbitrary
unperturbed orrelator of bulk elds. Then taking the the δ → 0+ limit, the
hiral urrents move towards the boundary and the orrelator vanishes in the
limiting ase. To study deformations of the gluing map, let us perturb the above
relation introduing operator Ig,J(x) = P[e
−S′J ]:
0 = limδ→0+P[e
−S′J ]W (z + 2iδ) − ΩW¯ (z¯ − 2iδ) =
limδ→0+
∑
n
gn
n!
∫
γ1
· · ·
∫
γn
dx1
2π
· · · dxn
2π
J(x1) · · · J(xn)W (z+2iδ)−ΩW¯(z¯−2iδ)
(C.16)
Desribing eldsW and ΩW in terms of the orresponding states |w〉, |Ωw〉 ∈
H(H)0 , we get from the above integrals:
0 = limδ→0+
∑
n
gn
n!
Φ(Jn0 |w〉 ⊗ |0〉; zδ, z¯δ) − Φ(|0〉 ⊗ |Ωw〉; zδ, z¯δ)
= eigJ0 W (z) e−igJ
0 − ΩW¯ (¯(z)) (C.17)
where J0 is the zero mode of the UHP hiral urrent (more details about this
omputation an be found in [78℄). Thus, onjugation with eigJ0 indues an
inner automorphism on the hiral algebra W dened by:
γJ (W )
.
= e−igJ0 W eigJ0 ∀W ∈ W (C.18)
Replaing (C.18) in the seond line of (C.17) we get the perturbed gluing on-
dition under the ation of a hiral marginal perturbation:
W (z) = Ω ◦ γJ¯ (W¯ )(z¯) (C.19)
Sine γJ ats trivially on the Virasoro eld, the gluing ondition T = T¯ and
those of all other generators whih ommute with J0 remain unhanged under
the hiral perturbation. Thus, these elds generate the same Ward identities ad
in the unperturbed theory.
Applying the onstrution outlined after formula (2.15), we an rephrase the
result in equation (C.19) in the boundary state formalism. The hiral perturbed
version of formula (2.62) turns out to be:
Wn − (−1)h¯WΩ ◦ γJ (W−n)‖Ω, α〉〉g,J , (C.20)
where the perturbed boundary state is related to the unperturbed one via a
simple rotation:
‖Ω, α〉〉g,J = eigJ0‖Ω, α〉〉 (C.21)
Appendix D
Useful formulae
This setion ontains a olletion of useful equations and formulae.
D.1 Simpliial String Duality
• Diret produts
If a group G is the diret produt of groups, G = G1 × G2, then, given
any two elements g1 ∈ G1 and g2 ∈ G2 it holds:
Dj1×j2m1n1;m2n2(g1g2) = D
(1)j1
m1n1(g1)D
(2)j2
m2n2(g2) (D.1)
• Clebsh-Gordan expansion
The produt of two Wigner funtions with the same argument an be
expanded in the Clebsh-Gordan series:
Dj1m1 n1(Γ)D
j2
m2 n2(Γ) =
j1+j2∑
J=|j1−j2|
∑
|M|,|N |≤J
CJ Mj1m1 j2m2 D
J
M N (Γ)C
J N
j1 n1 j2 n2 (D.2)
• Unitarity relations of Clebsh-Gordan oeients
∑
m1m2
Cj mj1m1 j2m2C
j′m′
j1m1 j2m2
= δj j′δmm′ (D.3a)∑
j m
Cj mj1m1 j2m2C
j m
j1m′1 j2m
′
2
= δm1m′1δm2m′2 (D.3b)
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D.2 Cosmologial solution of supergravity
Bosoni Field Equations of type IIB supergravity
The bosoni part of the equations an be formally obtained through variation
of the following ation
1
:
SIIB =
1
2κ2
∫
d10x
[
−2
√
− det g R
]
− 1
4κ2
∫
dϕ ∧ ⋆dϕ + e−ϕFNS[3] ∧ ⋆FNS[3] + e2ϕ FRR[1] ∧ ⋆FRR[1]
+ eϕ FRR[3] ∧ ⋆FRR[3] +
1
2
FRR[5] ∧ ⋆FRR[5] − C[4] ∧ FNS[3] ∧ FRR[3] (D.4)
where:
FRR[1] = dC[0] (D.5a)
FNS[3] = dB[2] (D.5b)
FRR[3] = dC[2] − C[0] dB[2] (D.5)
FRR[5] = dC[4] − 12
(
B[2] ∧ dC[2] − C[2] ∧ dB[2]
)
(D.5d)
It is important to stress though that the ation (D.4) is to be onsidered
only a book keeping devie sine the 4-form C[4] is not free, its eld strength
FRR[5] being subjet to the on-shell self-duality onstraint:
FRR[5] = ⋆F
RR
[5] (D.6)
From the above ation the orresponding equations of motion an be obtained:
d ⋆ dϕ − e2ϕ FRR[1] ∧ ⋆FRR[1] = −
1
2
(
e−ϕFNS[3] ∧ ⋆FNS[3] − eϕFRR[3] ∧ ⋆FRR[3]
)
(D.7a)
d
(
e−ϕ ⋆ FNS[3]
)
+ eϕ FRR[1] ∧ ⋆FRR[3] = −FRR[3] ∧ FRR[5] (D.7b)
d
(
e2ϕ ⋆ FRR[1]
)
= −eϕ FNS[3] ∧ ⋆FRR[3] (D.7)
d
(
eϕ ⋆ FRR[3]
)
= −FRR[5] ∧ FNS[3] (D.7d)
d ⋆ FRR[5] = −FNS[3] ∧ FRR[3] (D.7e)
− 2RMN = 1
2
∂Mϕ∂Nϕ+
e2ϕ
2
∂MC[0]∂NC[0] + 150F[5]M····F ····[5]N
+9
(
e−ϕFNS[3]M·· F
NS ··
[3]N + e
ϕFRR[3]M··F
RR ··
[3]N
)
−3
4
gMN
(
e−ϕFNS[3]···F
NS···
[3] + e
ϕFRR[3]···F
RR···
[3]
)
(D.7f)
1
Note that our R is equal to − 1
2
Rold, Rold being the normalization of the salar urvature
usually adopted in General Relativity textbooks. The dierene arises beause in the tradi-
tional literature the Riemann tensor is not dened as the omponents of the urvature 2-form
Rab rather as −2 times suh omponents.
Cosmologial solution of supergravity 179
It is not diult to show, upon suitable identiation of the massless super-
string elds, that this is the orret set of equations whih an be onsistently
obtained from the manifestly SU(1, 1) ovariant formulation of type IIB super-
gravity [107, 108, 109℄.
A useful integral
∫
e[ax] (cosh[b x])
1/4
=
27/4
4a− b e
[(a−b)x]
2F1
(− 18 + a2b ,− 14 , 78 + a2b ; −e2bx) (D.8)
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Appendix E
Listing of the E8 positive
roots
E.1 Listing aording to height
In this listing we present the roots of the E8 Lie algebra, giving their denition
both in terms of the simple roots and in the euledian basis. The notation ai|j
is introdued to denote the height of the root (i). The number (j) is introdued
to distinguish the roots of the same height
Table E.1: Listing of positive E8 rotts aording to height
label root Dynkin labels Eulidian basis labels
a1|1 = α[1] = {1,0,0,0,0,0,0,0} = {0,1,-1,0,0,0,0,0}
a1|2 = α[2] = {0,1,0,0,0,0,0,0} = {0,0,1,-1,0,0,0,0}
a1|3 = α[3] = {0,0,1,0,0,0,0,0} = { 0,0,0,1,-1,0,0,0}
a1|4 = α[4] = {0,0,0,1,0,0,0,0} = { 0,0,0,0,1,-1,0,0}
a1|5 = α[5] = {0,0,0,0,1,0,0,0} = {0,0,0,0,0,1,-1,0}
a1|6 = α[6] = {0,0,0,0,0,1,0,0} = { 0,0,0,0,0,1,1,0}
a1|7 = α[7] = {0,0,0,0,0,0,1,0} = {− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12}
a1|8 = α[8] = { 0,0,0,0,0,0,0,1 } =
{
1,-1,0,0,0,0,0,0
}
a2|1 = α[9] = {1,1,0,0,0,0,0,0} = { 0,1,0,-1,0,0,0,0}
a2|2 = α[10] = {1,0,0,0,0,0,0,1} =
{
1,0,-1,0,0,0,0,0
}
a2|3 = α[11] = {0,1,1,0,0,0,0,0} = {0,0,1,0,-1,0,0,0}
a2|4 = α[12] = {0,0,1,1,0,0,0,0} = { 0,0,0,1,0,-1,0,0}
a2|5 = α[13] = {0,0,0,1,1,0,0,0} = {0,0,0,0,1,0,-1,0}
a2|6 = α[14] = {0,0,0,1,0,1,0,0} = { 0,0,0,0,1,0,1,0}
a2|7 = α[15] = {0,0,0,0,0,1,1,0} = {− 12 ,− 12 ,− 12 ,− 12 ,− 12 , 12 , 12 ,− 12}
Continued on next page
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a3|1 = α[16] = {1,1,1,0,0,0,0,0} = {0,1,0,0,-1,0,0,0}
a3|2 = α[17] = {1,1,0,0,0,0,0,1} =
{
1,0,0,-1,0,0,0,0
}
a3|3 = α[18] = {0,1,1,1,0,0,0,0} = { 0,0,1,0,0,-1,0,0}
a3|4 = α[19] = {0,0,1,1,1,0,0,0} = { 0,0,0,1,0,0,-1,0}
a3|5 = α[20] = {0,0,1,1,0,1,0,0} = { 0,0,0,1,0,0,1,0}
a3|6 = α[21] = {0,0,0,1,0,1,1,0} = {− 12 ,− 12 ,− 12 ,− 12 , 12 ,− 12 , 12 ,− 12}
a3|7 = α[22] = {0,0,0,1,1,1,0,0} = {0,0,0,0,1,1,0,0}
a4|1 = α[23] = {1,1,1,1,0,0,0,0} = {0,1,0,0,0,-1,0,0}
a4|2 = α[24] = {0,1,1,1,1,0,0,0} = {0,0,1,0,0,0,-1,0}
a4|3 = α[25] = {0,1,1,1,0,1,0,0} = { 0,0,1,0,0,0,1,0}
a4|4 = α[26] = {1,1,1,0,0,0,0,1} = {1,0,0,0,-1,0,0,0}
a4|5 = α[27] = {0,0,1,1,0,1,1,0} = {− 12 ,− 12 ,− 12 , 12 ,− 12 ,− 12 , 12 ,− 12}
a4|6 = α[28] = {0,0,1,1,1,1,0,0} = {0,0,0,1,0,1,0,0}
a4|7 = α[29] = {0,0,0,1,1,1,1,0} = {− 12 ,− 12 ,− 12 ,− 12 , 12 , 12 ,− 12 ,− 12}
a5|1 = α[30] = {1,1,1,1,1,0,0,0} = { 0,1,0,0,0,0,-1,0}
a5|2 = α[31] = {1,1,1,1,0,1,0,0} = {0,1,0,0,0,0,1,0}
a5|3 = α[32] = {0,1,1,1,0,1,1,0} = {− 12 ,− 12 , 12 ,− 12 ,− 12 ,− 12 , 12 ,− 12 }
a5|4 = α[33] = {0,1,1,1,1,1,0,0} = { 0,0,1,0,0,1,0,0}
a5|5 = α[34] = {0,0,1,1,1,1,1,0} = {− 12 ,− 12 ,− 12 , 12 ,− 12 , 12 ,− 12 ,− 12}
a5|6 = α[35] = {1,1,1,1,0,0,0,1} =
{
1,0,0,0,0,-1,0,0
}
a5|7 = α[36] = {0,0,1,2,1,1,0,0} = {0,0,0,1,1,0,0,0}
a6|1 = α[37] = {1,1,1,1,0,1,1,0} = {− 12 , 12 ,− 12 ,− 12 ,− 12 ,− 12 , 12 ,− 12}
a6|2 = α[38] = {1,1,1,1,1,1,0,0} = {0,1,0,0,0,1,0,0}
a6|3 = α[39] = {0,1,1,1,1,1,1,0} = {− 12 ,− 12 , 12 ,− 12 ,− 12 , 12 ,− 12 ,− 12}
a6|4 = α[40] = {0,1,1,2,1,1,0,0} = { 0,0,1,0,1,0,0,0}
a6|5 = α[41] = {0,0,1,2,1,1,1,0} = {− 12 ,− 12 ,− 12 , 12 , 12 ,− 12 ,− 12 ,− 12}
a6|6 = α[42] = {1,1,1,1,1,0,0,1} =
{
1,0,0,0,0,0,-1,0
}
a6|7 = α[43] = {1,1,1,1,0,1,0,1} = {1,0,0,0,0,0,1,0}
a7|1 = α[44] = {1,1,1,1,1,1,1,0} = {− 12 , 12 ,− 12 ,− 12 ,− 12 , 12 ,− 12 ,− 12}
a7|2 = α[45] = {1,1,1,2,1,1,0,0} = { 0,1,0,0,1,0,0,0}
a7|3 = α[46] = {0,1,1,2,1,1,1,0} = {− 12 ,− 12 , 12 ,− 12 , 12 ,− 12 ,− 12 ,− 12}
a7|4 = α[47] = {0,1,2,2,1,1,0,0} = {0,0,1,1,0,0,0,0}
a7|5 = α[48] = {1,1,1,1,1,1,0,1} =
{
1,0,0,0,0,1,0,0
}
a7|6 = α[49] = {0,0,1,2,1,2,1,0} = {− 12 ,− 12 ,− 12 , 12 , 12 , 12 , 12 ,− 12}
a7|7 = α[50] = {1,1,1,1,0,1,1,1} = { 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 , 12 ,− 12}
a8|1 = α[51] = {1,1,1,2,1,1,1,0} = {− 12 , 12 ,− 12 ,− 12 , 12 ,− 12 ,− 12 ,− 12}
a8|2 = α[52] = {1,1,2,2,1,1,0,0} = { 0,1,0,1,0,0,0,0}
a8|3 = α[53] = {0,1,1,2,1,2,1,0} = {− 12 ,− 12 , 12 ,− 12 , 12 , 12 , 12 ,− 12 }
Continued on next page
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a8|4 = α[54] = {0,1,2,2,1,1,1,0} = {− 12 ,− 12 , 12 , 12 ,− 12 ,− 12 ,− 12 ,− 12}
a8|5 = α[55] = {1,1,1,2,1,1,0,1} =
{
1,0,0,0,1,0,0,0
}
a8|6 = α[56] = {1,1,1,1,1,1,1,1} = { 12 ,− 12 ,− 12 ,− 12 ,− 12 , 12 ,− 12 ,− 12}
a9|1 = α[57] = {1,1,1,2,1,2,1,0} = {− 12 , 12 ,− 12 ,− 12 , 12 , 12 , 12 ,− 12}
a9|2 = α[58] = {1,1,2,2,1,1,1,0} = {− 12 , 12 ,− 12 , 12 ,− 12 ,− 12 ,− 12 ,− 12}
a9|3 = α[59] = {1,2,2,2,1,1,0,0} = {0,1,1,0,0,0,0,0}
a9|4 = α[60] = {0,1,2,2,1,2,1,0} = {− 12 ,− 12 , 12 , 12 ,− 12 , 12 , 12 ,− 12}
a9|5 = α[61] = {1,1,2,2,1,1,0,1} = {1,0,0,1,0,0,0,0}
a9|6 = α[62] = {1,1,1,2,1,1,1,1} = { 12 ,− 12 ,− 12 ,− 12 , 12 ,− 12 ,− 12 ,− 12}
a10|1 = α[63] = {1,1,2,2,1,2,1,0} = {− 12 , 12 ,− 12 , 12 ,− 12 , 12 , 12 ,− 12}
a10|2 = α[64] = {1,2,2,2,1,1,1,0} = {− 12 , 12 , 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 }
a10|3 = α[65] = {1,2,2,2,1,1,0,1} =
{
1,0,1,0,0,0,0,0
}
a10|4 = α[66] = {1,1,2,2,1,1,1,1} = { 12 ,− 12 ,− 12 , 12 ,− 12 ,− 12 ,− 12 ,− 12}
a10|5 = α[67] = {0,1,2,3,1,2,1,0} = {− 12 ,− 12 , 12 , 12 , 12 ,− 12 , 12 ,− 12}
a10|6 = α[68] = {1,1,1,2,1,2,1,1} = { 12 ,− 12 ,− 12 ,− 12 , 12 , 12 , 12 ,− 12 }
a11|1 = α[69] = {2,2,2,2,1,1,0,1} = {1,1,0,0,0,0,0,0}
a11|2 = α[70] = {1,1,2,3,1,2,1,0} = {− 12 , 12 ,− 12 , 12 , 12 ,− 12 , 12 ,− 12}
a11|3 = α[71] = {1,2,2,2,1,2,1,0} = {− 12 , 12 , 12 ,− 12 ,− 12 , 12 , 12 ,− 12}
a11|4 = α[72] = {1,2,2,2,1,1,1,1} = { 12 ,− 12 , 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12}
a11|5 = α[73] = {1,1,2,2,1,2,1,1} = { 12 ,− 12 ,− 12 , 12 ,− 12 , 12 , 12 ,− 12}
a11|6 = α[74] = {0,1,2,3,2,2,1,0} = {− 12 ,− 12 , 12 , 12 , 12 , 12 ,− 12 ,− 12}
a12|1 = α[75] = {2,2,2,2,1,1,1,1} = { 12 , 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12 ,− 12}
a12|2 = α[76] = {1,1,2,3,2,2,1,0} = {− 12 , 12 ,− 12 , 12 , 12 , 12 ,− 12 ,− 12}
a12|3 = α[77] = {1,2,2,3,1,2,1,0} = {− 12 , 12 , 12 ,− 12 , 12 ,− 12 , 12 ,− 12 }
a12|4 = α[78] = {1,2,2,2,1,2,1,1} = { 12 ,− 12 , 12 ,− 12 ,− 12 , 12 , 12 ,− 12}
a12|5 = α[79] = {1,1,2,3,1,2,1,1} = { 12 ,− 12 ,− 12 , 12 , 12 ,− 12 , 12 ,− 12}
a13|1 = α[80] = {2,2,2,2,1,2,1,1} = { 12 , 12 ,− 12 ,− 12 ,− 12 , 12 , 12 ,− 12 }
a13|2 = α[81] = {1,2,2,3,2,2,1,0} = {− 12 , 12 , 12 ,− 12 , 12 , 12 ,− 12 ,− 12}
a13|3 = α[82] = {1,2,2,3,1,2,1,1} = { 12 ,− 12 , 12 ,− 12 , 12 ,− 12 , 12 ,− 12}
a13|4 = α[83] = {1,2,3,3,1,2,1,0} = {− 12 , 12 , 12 , 12 ,− 12 ,− 12 , 12 ,− 12}
a13|5 = α[84] = {1,1,2,3,2,2,1,1} = { 12 ,− 12 ,− 12 , 12 , 12 , 12 ,− 12 ,− 12}
a14|1 = α[85] = {2,2,2,3,1,2,1,1} = { 12 , 12 ,− 12 ,− 12 , 12 ,− 12 , 12 ,− 12}
a14|2 = α[86] = {1,2,2,3,2,2,1,1} = { 12 ,− 12 , 12 ,− 12 , 12 , 12 ,− 12 ,− 12}
a14|3 = α[87] = {1,2,3,3,2,2,1,0} = {− 12 , 12 , 12 , 12 ,− 12 , 12 ,− 12 ,− 12}
a14|4 = α[88] = {1,2,3,3,1,2,1,1} = { 12 ,− 12 , 12 , 12 ,− 12 ,− 12 , 12 ,− 12 }
a15|1 = α[89] = {2,2,2,3,2,2,1,1} = { 12 , 12 ,− 12 ,− 12 , 12 , 12 ,− 12 ,− 12}
a15|2 = α[90] = {2,2,3,3,1,2,1,1} = { 12 , 12 ,− 12 , 12 ,− 12 ,− 12 , 12 ,− 12}
a15|3 = α[91] = {1,2,3,3,2,2,1,1} = { 12 ,− 12 , 12 , 12 ,− 12 , 12 ,− 12 ,− 12}
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a15|4 = α[92] = {1,2,3,4,2,2,1,0} = {− 12 , 12 , 12 , 12 , 12 ,− 12 ,− 12 ,− 12}
a16|1 = α[93] = {2,2,3,3,2,2,1,1} = { 12 , 12 ,− 12 , 12 ,− 12 , 12 ,− 12 ,− 12 }
a16|2 = α[94] = {2,3,3,3,1,2,1,1} = { 12 , 12 , 12 ,− 12 ,− 12 ,− 12 , 12 ,− 12}
a16|3 = α[95] = {1,2,3,4,2,2,1,1} = { 12 ,− 12 , 12 , 12 , 12 ,− 12 ,− 12 ,− 12 }
a16|4 = α[96] = {1,2,3,4,2,3,1,0} = {− 12 , 12 , 12 , 12 , 12 , 12 , 12 ,− 12}
a17|1 = α[97] = {2,2,3,4,2,2,1,1} = { 12 , 12 ,− 12 , 12 , 12 ,− 12 ,− 12 ,− 12 }
a17|2 = α[98] = {2,3,3,3,2,2,1,1} = { 12 , 12 , 12 ,− 12 ,− 12 , 12 ,− 12 ,− 12}
a17|3 = α[99] = {1,2,3,4,2,3,1,1} = { 12 ,− 12 , 12 , 12 , 12 , 12 , 12 ,− 12}
a17|4 = α[100] = {1,2,3,4,2,3,2,0} =
{
-1,0,0,0,0,0,0,-1
}
a18|1 = α[101] = {2,2,3,4,2,3,1,1} = { 12 , 12 ,− 12 , 12 , 12 , 12 , 12 ,− 12}
a18|2 = α[102] = {2,3,3,4,2,2,1,1} = { 12 , 12 , 12 ,− 12 , 12 ,− 12 ,− 12 ,− 12}
a18|3 = α[103] = {1,2,3,4,2,3,2,1} =
{
0,-1,0,0,0,0,0,-1
}
a19|1 = α[104] = {2,2,3,4,2,3,2,1} =
{
0,0,-1,0,0,0,0,-1
}
a19|2 = α[105] = {2,3,3,4,2,3,1,1} = { 12 , 12 , 12 ,− 12 , 12 , 12 , 12 ,− 12}
a19|3 = α[106] = {2,3,4,4,2,2,1,1} = { 12 , 12 , 12 , 12 ,− 12 ,− 12 ,− 12 ,− 12}
a20|1 = α[107] = {2,3,3,4,2,3,2,1} =
{
0,0,0,-1,0,0,0,-1
}
a20|2 = α[108] = {2,3,4,4,2,3,1,1} = { 12 , 12 , 12 , 12 ,− 12 , 12 , 12 ,− 12
a21|1 = α[109] = {2,3,4,4,2,3,2,1} =
{
0,0,0,0,-1,0,0,-1
}
a21|2 = α[110] = {2,3,4,5,2,3,1,1} = { 12 , 12 , 12 , 12 , 12 ,− 12 , 12 ,− 12 }
a22|1 = α[111] = {2,3,4,5,2,3,2,1} =
{
0,0,0,0,0,-1,0,-1
}
a22|2 = α[112] = {2,3,4,5,3,3,1,1} = { 12 , 12 , 12 , 12 , 12 , 12 ,− 12 ,− 12}
a23|1 = α[113] = {2,3,4,5,3,3,2,1} =
{
0,0,0,0,0,0,-1,-1}
a23|2 = α[114] = {2,3,4,5,2,4,2,1} =
{
0,0,0,0,0,0,1,-1
}
a24|1 = α[115] = {2,3,4,5,3,4,2,1} =
{
0,0,0,0,0,1,0,-1
}
a25|1 = α[116] = {2,3,4,6,3,4,2,1} =
{
0,0,0,0,1,0,0,-1
}
a26|1 = α[117] = {2,3,5,6,3,4,2,1} =
{
0,0,0,1,0,0,0,-1
}
a27|1 = α[118] = {2,4,5,6,3,4,2,1} =
{
0,0,1,0,0,0,0,-1
}
a28|1 = α[119] = {3,4,5,6,3,4,2,1} =
{
0,1,0,0,0,0,0,-1
}
a29|1 = α[120] = {3,4,5,6,3,4,2,2} =
{
1,0,0,0,0,0,0,-1
}
E.2 Listing the roots aording to the dimen-
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Table E.2: Listing of positive E8 rots aording to dimensional
ltration: roots in D[1℄, D[2℄, D[3℄, D[4℄, D[5℄ and D[6℄
label root # Dynkin labels Type IIB type IIA
d1|1 = α[7] = {0,0,0,0,0,0,1,0} ρ C9
d2|1 = α[6] = {0,0,0,0,0,1,0,0} B8 9 γ 98
d2|2 = α[5] = {0,0,0,0,1,0,0,0} γ89 γ89
d2|3 = α[15] = {0,0,0,0,0,1,1,0} C8 9 C8
d3|1 = α[22] = {0,0,0,1,1,1,0,0} B7 8 γ 87
d3|2 = α[4] = {0,0,0,1,0,0,0,0} γ78 γ78
d3|3 = α[14] = {0,0,0,1,0,1,0,0} B7 9 γ79
d3|4 = α[13] = {0,0,0,1,1,0,0,0} γ79 B7 9
d3|5 = α[29] = {0,0,0,1,1,1,1,0} C7 8 C7 8 9
d3|6 = α[21] = {0,0,0,1,0,1,1,0} C7 9 C7
d4|1 = α[36] = {0,0,1,2,1,1,0,0} B6 7 B6 7
d4|2 = α[3] = {0,0,1,0,0,0,0,0} γ67 γ67
d4|3 = α[28] = {0,0,1,1,1,1,0,0} B6 8 B6 8
d4|4 = α[12] = {0,0,1,1,0,0,0,0} γ68 γ68
d4|5 = α[20] = {0,0,1,1,0,1,0,0} B6 9 γ69
d4|6 = α[19] = {0,0,1,1,1,0,0,0} γ69 B6 9
d4|7 = α[41] = {0,0,1,2,1,1,1,0} C6 7 C6 7 9
d4|8 = α[34] = {0,0,1,1,1,1,1,0} C6 8 C6 8 9
d4|9 = α[27] = {0,0,1,1,0,1,1,0} C6 9 C6
d4|10 = α[49] = {0,0,1,2,1,2,1,0} C6 7 8 9 C6 7 8
d5|1 = α[47] = {0,1,2,2,1,1,0,0} B5 6 B5 6
d5|2 = α[2] = {0,1,0,0,0,0,0,0} γ56 γ56
d5|3 = α[40] = {0,1,1,2,1,1,0,0} B5 7 B5 7
d5|4 = α[11] = {0,1,1,0,0,0,0,0} γ57 γ57
d5|5 = α[33] = {0,1,1,1,1,1,0,0} B5 8 B5 8
d5|6 = α[18] = {0,1,1,1,0,0,0,0} γ58 γ58
d5|7 = α[25] = {0,1,1,1,0,1,0,0} B5 9 γ59
d5|8 = α[24] = {0,1,1,1,1,0,0,0} γ59 B5 9
d5|9 = α[54] = {0,1,2,2,1,1,1,0} C5 6 C5 6 9
d5|10 = α[46] = {0,1,1,2,1,1,1,0} C5 7 C5 7 9
d5|11 = α[39] = {0,1,1,1,1,1,1,0} C5 8 C5 8 9
d5|12 = α[32] = {0,1,1,1,0,1,1,0} C5 9 C5
d5|13 = α[53] = {0,1,1,2,1,2,1,0} C5 7 8 9 C5 7 8
d5|14 = α[60] = {0,1,2,2,1,2,1,0} C5 6 8 9 C5 6 8
d5|15 = α[67] = {0,1,2,3,1,2,1,0} C5 6 7 9 C5 6 7
d5|16 = α[74] = {0,1,2,3,2,2,1,0} C5 6 7 8 C3 4µ
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d6|1 = α[59] = {1,2,2,2,1,1,0,0} B4 5 B4 5
d6|2 = α[1] = {1,0,0,0,0,0,0,0} γ45 γ45
d6|3 = α[52] = {1,1,2,2,1,1,0,0} B4 6 B4 6
d6|4 = α[9] = {1,1,0,0,0,0,0,0} γ46 γ46
d6|5 = α[45] = {1,1,1,2,1,1,0,0} B4 7 B4 7
d6|6 = α[16] = {1,1,1,0,0,0,0,0} γ47 γ47
d6|7 = α[38] = {1,1,1,1,1,1,0,0} B4 8 B4 8
d6|8 = α[23] = {1,1,1,1,0,0,0,0} γ48 γ48
d6|9 = α[31] = {1,1,1,1,0,1,0,0} B4 9 γ49
d6|10 = α[30] = {1,1,1,1,1,0,0,0} γ49 B4 9
d6|11 = α[100] = {1,2,3,4,2,3,2,0} B3µ B3µ
d6|12 = α[96] = {1,2,3,4,2,3,1,0} C3µ C3 9µ
d6|13 = α[64] = {1,2,2,2,1,1,1,0} C4 5 C4 5 9
d6|14 = α[58] = {1,1,2,2,1,1,1,0} C4 6 C4 6 9
d6|15 = α[51] = {1,1,1,2,1,1,1,0} C4 7 C4 7 9
d6|16 = α[44] = {1,1,1,1,1,1,1,0} C4 8 C4 8 9
d6|17 = α[37] = {1,1,1,1,0,1,1,0} C4 9 C4
d6|18 = α[57] = {1,1,1,2,1,2,1,0} C4 7 8 9 C4 7 8
d6|19 = α[63] = {1,1,2,2,1,2,1,0} C4 6 8 9 C4 6 8
d6|20 = α[70] = {1,1,2,3,1,2,1,0} C4 6 7 9 C4 6 7
d6|21 = α[76] = {1,1,2,3,2,2,1,0} C4 6 7 8 C3 5µ
d6|22 = α[71] = {1,2,2,2,1,2,1,0} C4 5 8 9 C4 5 8
d6|23 = α[77] = {1,2,2,3,1,2,1,0} C4 5 7 9 C4 5 7
d6|24 = α[81] = {1,2,2,3,2,2,1,0} C4 5 7 8 C3 6µ
d6|25 = α[83] = {1,2,3,3,1,2,1,0} C4 5 6 9 C4 5 6
d6|26 = α[87] = {1,2,3,3,2,2,1,0} C4 5 6 8 C3 7µ
d6|27 = α[92] = {1,2,3,4,2,2,1,0} C4 5 6 7 C3 8µ
Roots in D[7℄
• Eletri with respet to the eletri subgroup SL(8) ⊂ E7(7) ⊂ E8(8)
Table E.3: Roots in D[7℄ eletri with respet to SL(8) ⊂ E7(7) ⊂
E8(8)
label root # Dynkin labels q-vetor Type IIB type IIA
d7|1 = α[50] = {1,1,1,1,0,1,1,1} ⇒ {1,1,1,1,0,1,1} C3 9 C3
d7|2 = α[99] = {1,2,3,4,2,3,1,1} ⇒ {1,2,3,4,2,3,1} C4µ C4 9µ
d7|3 = α[101] = {2,2,3,4,2,3,1,1} ⇒ {2,2,3,4,2,3,1} C5µ C5 9µ
Continued on next page
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d7|4 = α[105] = {2,3,3,4,2,3,1,1} ⇒ {2,3,3,4,2,3,1} C6µ C6 9µ
d7|5 = α[108] = {2,3,4,4,2,3,1,1} ⇒ {2,3,4,4,2,3,1} C7µ C7 9µ
d7|6 = α[110] = {2,3,4,5,2,3,1,1} ⇒ {2,3,4,5,2,3,1} C8µ C8 9µ
d7|7 = α[84] = {1,1,2,3,2,2,1,1} ⇒ {1,1,2,3,2,2,1} C3 6 7 8 C4 5µ
d7|8 = α[86] = {1,2,2,3,2,2,1,1} ⇒ {1,2,2,3,2,2,1} C3 5 7 8 C4 6µ
d7|9 = α[91] = {1,2,3,3,2,2,1,1} ⇒ {1,2,3,3,2,2,1} C3 5 6 8 C4 7µ
d7|10 = α[95] = {1,2,3,4,2,2,1,1} ⇒ {1,2,3,4,2,2,1} C3 5 6 7 C4 8µ
d7|11 = α[97] = {2,2,3,4,2,2,1,1} ⇒ {2,2,3,4,2,2,1} C3 4 6 7 C5 8µ
d7|12 = α[102] = {2,3,3,4,2,2,1,1} ⇒ {2,3,3,4,2,2,1} C3 4 5 7 C6 8µ
d7|13 = α[106] = {2,3,4,4,2,2,1,1} ⇒ {2,3,4,4,2,2,1} C3 4 5 6 C7 8µ
d7|14 = α[93] = {2,2,3,3,2,2,1,1} ⇒ {2,2,3,3,2,2,1} C3 4 6 8 C5 7µ
d7|15 = α[89] = {2,2,2,3,2,2,1,1} ⇒ {2,2,2,3,2,2,1} C3 4 7 8 C5 6µ
d7|16 = α[98] = {2,3,3,3,2,2,1,1} ⇒ {2,3,3,3,2,2,1} C3 4 5 8 C6 7µ
d7|17 = α[103] = {1,2,3,4,2,3,2,1} ⇒ {1,2,3,4,2,3,2} B4µ B4µ
d7|18 = α[104] = {2,2,3,4,2,3,2,1} ⇒ {2,2,3,4,2,3,2} B5µ B5µ
d7|19 = α[107] = {2,3,3,4,2,3,2,1} ⇒ {2,3,3,4,2,3,2} B6µ B6µ
d7|20 = α[109] = {2,3,4,4,2,3,2,1} ⇒ {2,3,4,4,2,3,2} B7µ B7µ
d7|21 = α[111] = {2,3,4,5,2,3,2,1} ⇒ {2,3,4,5,2,3,2} B8µ B8µ
d7|22 = α[114] = {2,3,4,5,2,4,2,1} ⇒ {2,3,4,5,2,4,2} γµ9 B9µ
d7|23 = α[8] = {0,0,0,0,0,0,0,1} ⇒ {0,0,0,0,0,0,0} γ34 γ34
d7|24 = α[10] = {1,0,0,0,0,0,0,1} ⇒ {1,0,0,0,0,0,0} γ35 γ35
d7|25 = α[17] = {1,1,0,0,0,0,0,1} ⇒ {1,1,0,0,0,0,0} γ36 γ36
d7|26 = α[26] = {1,1,1,0,0,0,0,1} ⇒ {1,1,1,0,0,0,0} γ37 γ37
d7|27 = α[35] = {1,1,1,1,0,0,0,1} ⇒ {1,1,1,1,0,0,0} γ38 γ38
d7|28 = α[43] = {1,1,1,1,0,1,0,1} ⇒ {1,1,1,1,0,1,0} B3 9 γ39
• Magneti with respet to the eletri subgroup SL(8) ⊂ E7(7) ⊂ E8(8)
Table E.4: Roots in D[7℄ magneti with respet to SL(8) ⊂ E7(7) ⊂
E8(8)
label root # Dynkin labels q-vetor Type IIB type IIA
d7|29 = α[112] = {2,3,4,5,3,3,1,1} ⇒ {2,3,4,5,3,3,1} C9µ Cµ
d7|30 = α[75] = {2,2,2,2,1,1,1,1} ⇒ {2,2,2,2,1,1,1} C3 4 C3 4 9
d7|31 = α[72] = {1,2,2,2,1,1,1,1} ⇒ {1,2,2,2,1,1,1} C3 5 C3 5 9
d7|32 = α[66] = {1,1,2,2,1,1,1,1} ⇒ {1,1,2,2,1,1,1} C3 6 C3 6 9
d7|33 = α[62] = {1,1,1,2,1,1,1,1} ⇒ {1,1,1,2,1,1,1} C3 7 C3 7 9
d7|34 = α[56] = {1,1,1,1,1,1,1,1} ⇒ {1,1,1,1,1,1,1} C3 8 C3 8 9
Continued on next page
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d7|35 = α[94] = {2,3,3,3,1,2,1,1} ⇒ {2,3,3,3,1,2,1} C3 4 5 9 C3 4 5
d7|36 = α[90] = {2,2,3,3,1,2,1,1} ⇒ {2,2,3,3,1,2,1} C3 4 6 9 C3 4 6
d7|37 = α[85] = {2,2,2,3,1,2,1,1} ⇒ {2,2,2,3,1,2,1} C3 4 7 9 C3 4 7
d7|38 = α[80] = {2,2,2,2,1,2,1,1} ⇒ {2,2,2,2,1,2,1} C3 4 8 9 C3 4 8
d7|39 = α[78] = {1,2,2,2,1,2,1,1} ⇒ {1,2,2,2,1,2,1} C3 5 8 9 C3 5 8
d7|40 = α[73] = {1,1,2,2,1,2,1,1} ⇒ {1,1,2,2,1,2,1} C3 6 8 9 C3 6 8
d7|41 = α[68] = {1,1,1,2,1,2,1,1} ⇒ {1,1,1,2,1,2,1} C3 7 8 9 C3 7 8
d7|42 = α[82] = {1,2,2,3,1,2,1,1} ⇒ {1,2,2,3,1,2,1} C3 5 7 9 C3 5 7
d7|43 = α[88] = {1,2,3,3,1,2,1,1} ⇒ {1,2,3,3,1,2,1} C3 5 6 9 C3 5 6
d7|44 = α[79] = {1,1,2,3,1,2,1,1} ⇒ {1,1,2,3,1,2,1} C3 6 7 9 C3 6 7
d7|45 = α[69] = {2,2,2,2,1,1,0,1} ⇒ {2,2,2,2,1,1,0} B3 4 B3 4
d7|46 = α[65] = {1,2,2,2,1,1,0,1} ⇒ {1,2,2,2,1,1,0} B3 5 B3 5
d7|47 = α[61] = {1,1,2,2,1,1,0,1} ⇒ {1,1,2,2,1,1,0} B3 6 B3 6
d7|48 = α[55] = {1,1,1,2,1,1,0,1} ⇒ {1,1,1,2,1,1,0} B3 7 B3 7
d7|49 = α[48] = {1,1,1,1,1,1,0,1} ⇒ {1,1,1,1,1,1,0} B3 8 B3 8
d7|50 = α[42] = {1,1,1,1,1,0,0,1} ⇒ {1,1,1,1,1,0,0} γ39 B39
d7|51 = α[119] = {3,4,5,6,3,4,2,1} ⇒ {3,4,5,6,3,4,2} γµ4 γµ4
d7|52 = α[118] = {2,4,5,6,3,4,2,1} ⇒ {2,4,5,6,3,4,2} γµ5 γµ5
d7|53 = α[117] = {2,3,5,6,3,4,2,1} ⇒ {2,3,5,6,3,4,2} γµ6 γµ6
d7|54 = α[116] = {2,3,4,6,3,4,2,1} ⇒ {2,3,4,6,3,4,2} γµ7 γµ7
d7|55 = α[115] = {2,3,4,5,3,4,2,1} ⇒ {2,3,4,5,3,4,2} γµ8 γµ8
d7|56 = α[113] = {2,3,4,5,3,3,2,1} ⇒ {2,3,4,5,3,3,2} B9µ γµ9
Roots in D[8℄
Table E.5: Listing of positive E8 rots aording to dimensional
ltration: roots in D[8℄
label root # Dynkin labels Type IIB type IIA
d8|1 = α[120] = {3,4,5,6,3,4,2,2} γµ4 γµ4
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